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BBeaeHue

Ilenn mpenogaBaHus MAaTEMATHUKHA B BBICIIMX CEJIbCKOXO3SMCTBEHHBIX
y4eOHBIX 3aBEJICHUSIX: 03HAKOMUTD CTYACHTOB C OCHOBAMH MaTeMaTHYECKOI0
anmnapara, He0OOXOAUMOTro ISl PEIICHUS TEOPETUUYECKUX U MPAKTUYECKUX
3aJlady  CEIbCKOXO3SMCTBEHHOTO MPOU3BOACTBA; Pa3BUTh  JIOTUYECKOE
MBIIJICHHE W HaBbIKK MAaTeMaTUYECKOIO HCCIEIOBaHUS SBJICHUN U
IPOLIECCOB, CBSI3aHHBIX C 3THUM MPOU3BOJICTBOM.

Takyro 1eleHanpaBIeHHOCTh MMEIOT HACTOSIIME METOJIUYECKUE
yKa3aHHs1, KOTOPbIE BKJIFOYAIOT CIICIYIOIINE pa3eibl BEICIIEH MATEMATUKHU:
1. BBeIEHHE B MAaTEMaTUYECKUI aHAIIN3;

2. muddepeHmanbHOe cUUcIeHNe QYHKIIUU OJTHOM MepeMEeHHOi;
3. MHTETpajbHOE HUCUnCcIeHne QYHKITUU OTHON TTepEMEHHOM;

4. nuddepeHunanbHOE UCUUCICHUE PYHKINU JBYX EPEMEHHBIX;
5. nuddepeHnuanbHble ypaBHEHHUS.

3HaHUS OTUX Pa3JeioB MCIOJB3YIOTCA B Pa3IUYHBIX 00JIACTIX
CEJIbCKOXO35IMCTBEHHOTO IPOU3BOACTBA: B MATEMAaTUYECKOM MOJIETIUPOBAaHUU
arpOHOMUYECKUX H  300TEXHMYECKHMX IIPOLIECCOB; B  HCCIEAOBaHUU
MHOTO(DAKTOPHBIX MPOU3BOJCTBEHHBIX (PYHKIIMH B PacTEHUEBOCTBE,
KUBOTHOBOJCTBE, TEXHOJOTMU MEpepabOTKU  MPOAYKTOB  CEIbCKOIO
X0351MCcTBA. BCe yKa3zaHHbIE pa3/ielibl COAEPHKAT:

1.  rTeopeTMyeckuii MUHUMYM (OCHOBHBIE OIpEAeieHUs, (POPMYIIbI,
TaOJIUIIbI) U TUIOBBIE 33Jla4M C PELICHUSIMH, MO3BOJISIONINE MOATOTOBUTHCSA
CTyJI€HTaM K BBIIIOJIHEHUIO UHAUBUAYAJIbHBIX 3a1aHUN;

2.  3aJaHUs JJIS CaMOCTOSATEIBHOTO pelieHus (25 BapuaHToB mo 4-5
3a/la4); YeThIpe KOHTPOJbHBIE palOThl, JBa THUIIOBBIX pacyeTa, OJHO
WHIUBUAyabHOE 3amaHue. [lpm mombope  3amaHWii  HMCHOJIB30BaH
mudPepeHIIMPOBAHHBIA OAXO0A K YPOBHIO CIIOKHOCTH 3a/lay, TaK 3aJaHusl,
NOMEYEHHBIE 3BE3/I0YKOM, MpeaHa3HauYeHbl ISl CTYIAEHTOB, JOCTUTIIMX
TpeOyeMOoro ypoBHsl yCBOCHHSI MaTepuaa;

3. WTOTOBBIA TECT [JI1 KOHTPOJISI 3HAHUM [0 BCEMY pa3aeiny
COJICP)KUT TPAAULMOHHBIE TECTOBbIE 3aJaHusd JUIsl MPOBEPKU YPOBHS
YCBOCHHSI 3HAHUU 10 JAHHOMY pa3ieny.

Meroauueckue  ykazaHus ~ OpEJHA3HAYEHbl 11 HECKOJIbKHX
HalpaBJj€HUM, MO3TOMY JJig CTYACHTOB HampaBieHUU: «300TEXHUS»,
«ArpoXuMHsi W arpornoyBoBelieHUE», «BerepuHapHO  caHUTapHas
AKCIIEPTH3a» aBTOP PEKOMEHAYIOT HE BBINOJHATH CIAEAYIONINe 3aaanus: Ne2
u3 TunoBoro pacuera «JluddepenuunansHoe wucumucieHue»; Nel(6) wus
TUTIOBOTO pacueTta «OnpeaeneHapiii nHTETpam»;Nel U3 KOHTPOJIBHOU pabOTHI
«DyHKIMSA ABYyX TmepeMeHHbIX»; Ne3(0) w3 KOHTPONBHOW PabOTHI
«Anddepenmanpabie ypaBHCHHS.




masa 1. BBEAEHUE B MATEMATUYECKUW
AHAIJINS.

1.1. Heo0OxoquMbIii TEOpEeTUYECKMH MUHUMYM U
NpUMePbI pellieHNs] TUIOBBIX 3224,

Honamue ¢pyuxkuuu. Boiuucienue npeoenoe hpyukuuil.

Onpeodenenue 1.1. Ecnu xkaxaoMmy 3HAUYEHHUIO, KOTOPOE MOXKET
NPUHITH TEPEeMEHHAss X, M0 HEKOTOPOMY TMpPaBHIy WIH 3aKOHY
CTaBUTCS B COOTBETCTBUE OJIHO OTPE/ICIICHHOE 3HAYCHHE TICPEMEHHOM
¥, TO TOBODAT, UTO y €CTh hyHKyuus ot x u 06o3Havarot y =f(X).

COBOKYITHOCTh BCEX 3HAUEHWW apryMeHTa X, ISl KOTOPBIX
dbyuknus y=f(X) omnpeneneHa, Ha3bIBACTCA 00ACHMbIO ONpPedeeHUs
TOU (PYHKIIUU.

IIpumep 1. HaiiTu oOnacts onpeaeneHus caeayomux GyHKIUI:

a) y=v25—x°

Pewenue.

OyHKIMA TPUHAMAET JCUCTBUTEIbHBIE 3HAYEHUS B TEX TOYKAX, B
KOTOPBIX BBIP@KEHHE, CTOAIIEE  I0J] 3HAKOM  KOpHsA, Oyner
MMETh HEOTPUIIATEIIbHBIC 3HAYCHHUS.

ODyHKIUS HUMEET  CMBICH, €cCJH 25—x*>0. Orciona
x® <25 ym |x|<5.
CnenoBaTenbHO, OOJACTh OMNpeAeieHUs JaHHOW (YHKIUU €CTh
OTpE30K [-5;5]
] x° —8x
6) V=19 1

Pewenue.
Jlorapudmuueckass  GyHKIMA ~ ONpeaeieHa  TOJIbKO A
MOJIOKUTEIBHBIX 3HAUEHUN CBOETO apryMEHTA.
2
x° —8x

2
Ota GyHKIMA UMEET CMBICH, €CIU >0, Orcroga x° —8x>0

WJIn x(x—8)>0. Pemas 3T0  HEPaBEHCTBO,  IOJIyYacM
X e (— oo;O)u (8;+oo)_

Onpeoenenue 1.2. OyHKIIMHA, B KOTOPBIX 33Ja€TCS COOTBETCTBUE
MEXIy BETWYMHAMH, XapaKTEPU3YIOIMIUMH XOJ KOHKPETHOTO IpoIecca



WIIH SIBIICHUS B CEJIbCKOM XO35UCTBE, Ha3bIBAIOTCS
IPOU3BOICTBEHHBIMH.

[IpousBocTBeHHas (DYHKIUS TEM TOYHEE XapaKTEePU3yeT
HCCJIEAYEMbIN MPOIECC, YEM BBIIIE YPOBEHb Pa3BUTHSI MATEMATUYECKOTO
ammapara ¥ 4eM MoJIHEee 3HaHUA 00 N3y4aeMOM IPOIecCe WIH O0BEKTE.

[IponsBojcTBeHHBIE (PYHKIIMM TIONy4alOT B  pe3yJbTare
U3Yy4YEHUS oOpabOTKM  YMCIOBBIX  JAHHBIX  PE3YJIbTaTOB
XO3SIMCTBEHHOM JEATENBHOCTH. Ba)XHO, 4YTO 1pU MOCTPOCHUHU
IIPOU3BOJICTBEHHOM (PYHKIIMM TJIaBHOE BHUMAaHHE OoOpaiaercs Ha To,
yTOOBbl (PYyHKIMS, 3aJaHHAs B BHUAEC (POPMYJIbI, OTpakayia Haubosee
Ba)KHBIE, CYIICCTBEHHBIC 3aKOHOMEPHOCTH HCCIEAYEMOro IpoIllecca.
Takum oOpa3om, TPOU3BOACTBEHHAs (PYHKIIMS OTpa)kaeT TMPOIecC
MPUOJIMKEHHO, SBJISIETCS €0 MaTEMaTHYECKONU MOJIEIBIO.

IIpumepol npouzeo0CcmMEeHHbIX DYHKYUIL:

1. B paunuvoHe KOpPMJIEHUS CBUHEH COJAEPKHUTCS HECKOIBKO BHUIOB
KOpMOB. Eciii WX OTHOIIEHHWE CUYUTATH IMOCTOSHHBIM, T.€. €CIU C
YBEJIIMYEHHUEM HOPMBI OJIHOTO BHJIA KOPMOB YBEJIMYUBACTCA U HOpMaA
JIPyroro, T0 HET HEOOXOJUMOCTH MPOU3BOJIUTH IMOJCYET BCEX BHUJIOB
KOpMOB. B 3TOM ciiydae uzydeHue npouecca MOXKHO CBECTH K aHAIIU3Y
MPOU3BOJACTBEHHOUN (YHKITUNA OJHOM TTEPEeMEHHOM.

Ilycth Y — npuBec OJHON TroJOBbI (KI') B Hayajlle OTKOpMa, X —
noTpedsieHue KyKypy3bl (Kr) B Hadasie oTkopma. Torga ¢ 10% - HbiM
cojiep)kaHueM OeJika KBajpaTuyHasi GyHKIUS UMEET CIASTYIOMUN BU/I;

y =-0,480 + 0,335x —0,0001x*
2. KuBast Macca TensaT 10 0JHOro roja Y, (Kr) BeipaxkaeTcst (yHKIHEH:

y =378,4-419,6e " e

X— l'IOTpe6J'ICHI/Ie MMOJIHOCTBIO YCBOJACMOTI'O ITUTATCIIBHOI'O BCIICCTBA, KT'.

Onpeodenenue 1.3. Yucno A HaszwiBaeTcs npedenom (HyHKIIUU
f(X) mpu x — a, ecnu ajs JFOOOT0 CKOJIb YIOJHO MAJIOTO & >0 MOXHO

ykasath Takoe O >0, uto |f(X) - A <& mpu \x—a\ <o

DT0 3aMUChIBACTCS TaK: !('_rg f(x)=A
[IpakTHUeCKOE BEIYMCIICHHE MIPEETIOB OCHOBAHO HA CIIECAYIOIIHUX

TEOPUSIX.



Ecin 'x'f; f(X) u L'Lr; 9(X) cymecrsyror, T0
L im(f(X) £ g(x)) = lim f (x) £ lim g(x)
X—a X—a X—a
(mpenen anreOGpandecKkoil CyMMbI PaBEH CyMME MPEJIEIIOB).
2 Iim(f(x)-g(x)) =Ilim f(x)-limg(x)
(npenen Npou3BEACHUS PABEH MTPOU3BEICHHIO MPEIEIIOB).
3. limc-f(x)=c- I|m f(X): rne ¢ = const

X—a
(HOCTOHHHYIO BCIIMYHUHY MOKHO BbIHOCHUTD 3ad 3HAK Hpez[ena).
f (X) lim f (X)

4 M0 Tlmgey (mpn MO 70)

(Tpenes OTHOIICHUS! PaBEH OTHOIICHUIO TPEICIIOB).
Hcnonb3ytoTcst TakKe CIEAYIONIUE TIPEIeIbl:
llepesvlii 3amewamenvhblil npeoei.

lim sinx =1 (1.1)

x—0 X

Bmopoii 3ameuamenvhwiii npeden:

1

lim (1+ )“ = IIm(1+a)a =€ (1.2)

a—>0

Yacrto BCTPCHAIOTCS IPCACIIbIL:

. . C

1. limc-x=w 4. Iim==wo
X—>00 x—=>+0 X
. X . C

2 lim==o 5. lim—=0
X—)OOC X—o ¥

3. lim —=—-o0
x—>-0 X

IIpumep 2. HaiitTu npenensl:
) lim X+6 246 _8
VoSaxio1T -1 3
X— 9-9 O
lim -
0) X2 9?2 81




—0o0

. 2x-1 2-0-1 -1
x>0]1—-cosx 1-cosO 1-1
bonee cloxkHBIE Cllydau, TaK Ha3bIBAEMbIE HEONPEIACICHHOCTH
0, o, .
0% 1" |, paccmoTpuM Ha npuMepax.
Ipumep 3. Beranucauts npeaesnsr:
. 2x*-5x-3 _ Ax=1-7-x
lim : lim
a) -3 3x% —4x—-15" 0) x—4 X—4
Pewenue.
o 2x*-5x-3 2.9-5.3-3 0
x>33x* —4x-15 3-9-4-3-15 0
HenocpenacTBeHHass  mojCcTaHOBKA  IPEACIBHOTO  3HAYCHMS

AprymcHTa x=3 IPpUBOAUT K HCOMMPCACICHHOCTHU ‘:g}‘lTO6BI PaCKpPBITh

0
HCONIPCACICHHOCTH BH/A |:6:|.‘II/ICJ'II/ITCHB N 3HaAMCHATCIIb I[pO6I/I

Pa3IOKUM Ha MHOXKHUTEIM KaK KBaJIpAaTHBIC TPEXWICHBI MO (opmyie
ax’ +bx+c=a(x—x)(X=X,), Tae X U X,- KOPHU TPEXWIEHLI. 3aTeM
COKparaem apoob Ha (x-3).

2x? —5x—-3=0
D =b?4ac=25+24 =49
b++D

X, =—

2a

5+449 5+7 1

X12: = ’Xl:3’X2:__

4 4 2
3x? —4x-15=0

D=16-4-(-45) =16 +180 =196
_ 4196 _4x14 . _ 5

X12 6 6 1 3
2(x=3)(x + ;)

. 2x*-5x-3 .
lim——=1im
x>33X—4x-15 x

_"m2x+l_2-3+1_l_l
33(x—3)(x+2) x->33x+5 3-3+5 14 2

Hrak,



Xx—1-7-x

0) lem Xx—4

Pewenue.
lim Vx—1-+7-x _J4-1-J7-4 0
ot x—4 4-4 0

HenocpencrBeHHass ~ MOJACTAaHOBKA — MPEAEIBHOrO  3HAYECHUS
0

aprymMeHra NpPUBOJUT K HEONPENECICHHOCTH BHUIA [6}‘{T06H

PaCKpBITb 3Ty  HEONPEAEIIEHHOCTh, YMHOXHUM  YHUCIUTENb W

3HAMEHATEeIb JpPOOM Ha  BBIPAKECHHE (Wx-1++7-x). Takoe
npeoOpa3oBaHuE 1aCT BO3MOKHOCTb COKPATUTh IPOOb Ha MHOXKUTEIb

m\/;<—1— 7—x:"m(«/x—l—\/7—x)(«/x—1+«/7—x):”m Xx—1—(7-X) _
o4 X—4 o4 (Xx—A)(Wx=1+J7=x) =4 (x—B)(Wx=1+7=x)

. 2x -8 . 2(x—4) . 2 2
T T ) Ry ) N OV R POV
2 1 43
23 3 3
Ipumep 4. BoranciauTe npeaes:

_2x*-5x+3 4x* x4l _ 3x°—6x+2
DM O M e ey B M iax1

Pewenue.

2 2 5 3 2.5 3
o T e e e o
A A 1-°
x> X X’

3I[CCB npu x—>oco M YUCIUTCIIb U 3HAMCHATCIIb CTPCMATCS K

6CCKOH€‘IHOCTI/I, T.C. TOJIy4dacM HCOIIPCACICHHOCTb BHAA {f}
0

Crapuias cTeneHb YUCIUTENS x, a 3HaMeHarens - x°. Yucnurens u

2 3 7
3HaMEHATelb Ipo0u noxenuM Ha x°. Benmuunsl =, —, =, —
X X X

OCCKOHEYHO MaJIbIMU BEIWYHMHAMU MPHU X —>oo U UX MPEACIbl PaBHBI
HYJIIO.

AP xi+1
6) lim—— "=

x>o X —3X—7

5
. ABJIAIOTCS
X
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Pewenue.

4x4+x2+1 4+1+1
. 4X4 +X2 +1 o0 . X4 X4 X4 . X2 X4 4
|Im2—: — |=Ilim 5 =lim — =
x> X5 —3x—7 00 X—o ¥ 3X 7 xewi_i_l 0

x* x* Xt x> x* x

[Ipy x —>owoMody4aeM HEOMNPEICICHHOCTh P} Paznenum u

o0

YUCIUTEIb W 3HAMEHaTeldb Ha x‘(cTapuias CTENEeHb YUCIUTEIS).
1 1 3 7
x2 x* x3
npejieibl paBHbI HYJIIO.

Nrak, Hamia 1poOb Kak BeIWYMHA, 00paTHass 0ECKOHEUYHO MAJIOH,
SABISETCS OCECKOHEYHO OONBINON BEIWYMHOW W €€ TMpeaesl paBeH
OCCKOHEYHOCTH.

BennuuHbl OCCKOHEYHO MaJyible TpPH X > U HX

w

2
 3x2-6x+2 | e
L
e BX° +Ax =1 e o 1

olw
N |~

+

2

X | N[X |
>

HpI/IMeHHeM TOT K€ IIPUCM, OACIIMM U YHUCJIIMUTCIIb U 3HAMCHATCJIb HA

2
X“. O06o0mas mocineaHue TpU TMPUEMa MOKHO 3amucaTh MPaBUIIO
BBIUHCJICHUSI Tpeleia OTHOIICHUS JABYX MHOTOWICHOB IIPHU

o0
«PACKPBITHN» HEOIPEACICHHOCTH BUIA [—} :
o0

a'O

—,ecau -Mm=n
_ 0

X" +ax™t +.+a,

lim - — =<0,eciu -m<n

x>0 P X" +b X" +...+Db,

oo, ecau - M >N

IHpumep S. Berancaute npeaens:
sin 4x - X
- 6) M ——=
x—0 tggx ! ) x—0 ll_cos 2X
Pewenue.

a) CezieM K niepBoMy 3ameuareiabHomy npezaeny (1.1).
sin9x

3aMeHHUM tg9x = , YMHOKUM YHCJIUTEIIb U 3HAMEHaTeJb Ha 4x U 9x

VCTIOJIb3YEM CBOMCTBA MPEIEIIOB:

11



sindx | 0| ,. sindx 9x cos9x 4x . sindx ..  9x . . 4 4
im =[=|=lim  — . -—=Iim -lim — limcos9x-lim-=1-1.1-—
-0 1g9x |0 0 4x sin9x 1 9x =0 4x  x=08in9x x-0 x-09 9

i X

IIm ——
0) x>0 (/1 —c0os 2X
Pewenue.

3ameHa . X . ]_ X ]_
., =lim———==1im
1—CcoSs2X =2sIn° X

. X 0
Im——=| - | =
x>0 \/1— oS 2X {0}

] 2 3n
Ipumep 5. Boruuciauts npeaen: gm(l+ S——nj

Pewenue.
cgedem - KO - 6MopoMYy

3ameuamenbHoOMY - npeoeiny

1 X—0 X—>0

X

3amenda ==
5-n X
2X=5-n,omcro0a-n=5-2x

X —> 0 npu-N —> 0
15 x 78
:Iim(l+1j -{Iim(1+1j] =l-e®=¢®

X—>00 X X—00 X

1
BenuunHa = 0pu x — o OECKOHEYHO MaJjasi.
X

Henpepvienocms u mouxku pazpviea hynkuuu.

[Tycte pynkmus y =f(x) ompeneneHa B HEKOTOPOM HHTEPBAJIE, Xg
u X — JIBa TIPOM3BOJIBHBIX 3HAUCHUS apryMEHTa M3 3TOr0 HHTEepBaJa.

O06o3HaunM X — X, = Ax, oTKyJa x = x, +Ax,

['oBopsAT, 4YTO A/a Tiepexoja OT 3HA4YCHUs apryMeHTa Xg
K 3HAYCHHUIO X, TICPBOHAYAIIBHOMY 3HAYEHHUIO MPHUIAHO MpHpaIlcHUE
Ax

Onpeoenenue 1.3. Ilpupawenuem Ay  QyHKIHH y=f(x),
COOTBETCTBYIOIIMM HpHpamicHuio AX aprymeHTa x B TOYKE X,
Ha3bIBACTCS pa3HOCTh Ay = f (X, +AX)— f(X,).

12

S lim—— =

X
x—0 lzsinzx X—0 \/Esinx_\/_xaosinx_\/i

Iim(1+ 1)X e
3n — = 3(5-2x)
Iim(l+ SL) = [1”]: o X = Iim(l+1j = Iim(1+E

X

4
9

le—GX



Onpeodenenue 1.4. Oyuknus y = f(x) Ha3pIBaCTCS HEnpepvIGHOIL B
TOYKE X,, €CIIM B 3TOM TOYKE OECKOHEYHO MAajoMy MPHUPAIIECHUIO

apryMeHTa Ax COOTBETCTBYeT  OECKOHEYHO  Majoe IpUpallcHHe
}yHKIMA Ay, T.e. ecam lim Ay =0,
—

DTOMY ONpEACICHUIO PABHOCUIIBHO CIICIYyIOIIee:
Onpeoenenue 1.5. Oynkums f(X) HaspBacTCs HenpepovieHoili B

TOYKE, €CJIM MpU X —> X, mpenen (PyHKIUU CYHIECTBYET U PaBEH €€
YaCTHOMY 3HAYEHHIO B 9Toi Touke, T.e. M f(x) = f(X,).
0

Jlna nenpepvienocmu gpynxuuu f(x) 6 mouxe xo neooxooumo u
00CMamouHO 8blNOJIHEHUE C/1E0YIOUWUX YC0BUIL:
1. ¢yHKIua nomxkHa OBITH OMNpeNelieHa B HEKOTOPOM HHTEpBAJIE,
COJIepIKallleM TOUKY Xg (T.€. B CaMOil TOUKE U BOJIM3U dTOU TOYKH);
2. (QyHKUMS  JOJDKHA  MMETh  OJMHAKOBBIE  OJHOCTOPOHHUE

IIPEICIIbI XEXm_O f(x)= lim f(x):

X—>Xg+0
3. otH OJHOCTOPOHHHUC IMpCaCIIbI JOJI’KHBI 6BITB PaBHbI
f(x), T.e. lim f(x)= lim f(x)="7(x,);
X—>Xy—0 X—>Xy+0

Ecim ¢ynkmus f(X) He sBIsSeTCS HENPEPHIBHOW B TOYKE Xg, TO
rOBOpAT, 4TO B TOYke xg GyHkuus f(X) paspeiena, a Touka Xxg
Ha3bIBaeTCs moukoi pazpviea pynkiuu f(X).

Touku pa3psiBa GyHKIIUU ACNATCS HA [BA TUTIA.
Touku paspwviga | pooa

Ecim ¢ynkmms y = f(x) mmeer KOHEUHBIE OJHOCTOPOHHHE
npesienbl B TOYKE Xg M 3T Mpeesbl paBHbI, HO 3HAaUeHHE (PYHKINH €
TOYKE X HE CYNIECTBYET, T.€. lim f(x)= lim f(x)# f(x), TO TOBOPAT,

4TO (DYHKUUSA B TOUKE X) UMEET YCHMPAHUMBLIL PA3Pblé.

Ecim omHocTOopoHHUWE mpenensl ¢yHKuu Y=f(x) B TOuke X
CYIIECTBYIOT, HO OHM HE€ pPaBHbI, TO (YHKUHS B TOYKE Xg HUMEET
HeyCMmpaHuMbulil pa3pule.

OyHKIMS B ITOM TOUKE JeNaeT «CKadok». «CKadok» (YHKIUU B
TOYKE pa3pblBa PaBeH Pa3HOCTH OJHOCTOPOHHUX  MPEIEIIOB

§=|lim £()~ lim f(x)

X—>Xo+0
Touxku paspuwiea |l pooa
®dyuknuu y = f(x) umeer B Touke xy pa3peiB Il poma, ecam xoTs
OBl OJIMH W3 OJHOCTOPOHHHUX MpeIesioB (YHKIIMH B 3TOH TOUYKE paBeH
OECKOHEYHOCTH JIMOO HE CYIIECTBYET.

13



IIpumep 6.
HccnenoBath (¢GyHKIIMM HAa HEMPEPHIBHOCTh, OIMPEACIUTh THII
TOYKH pa3phiBa, CACIATh YEPTEK,

a)y:?’_x; 6) y= (X—4)2 npu X<4
X+2 /=X npu x>4
Pewenue.
a) DyHKIUSA olpenelieHa IPU BCEX 3HAYEHHAX X, KpOMe X=-2.
Hccnenyem xapakrep paspbiBa B 3TOM TOYKE, HAMAEM OJHOCTOPOHHUE

IIpEacbl. e g anan
3 _ 3(-2-0) -6

lim = =—— =+
x>2-0x+2 -2-0+2 -0
3(-2+0) -6 ol
im =— =—0 5 |
>200-24+0+2 +0 AT
X y _-..-'.'_: = -I-r?__‘._._... o
6- g" Takum o6pazoM, mpu | i
G x=-2 naHHas (QyHKIOHA ___J___
- HUMEET pa3pblB BTOpOro ~**° 74~
4 6 poaa, T.K OJTHOCTOPOHHHE
3 |9 N
IpEAEIbl B OTOW TOYKE HE |
1 |3 CylIeCTBYIOT. ['padukom
0 0 TaHHON (YHKIIMH CITYKUT Pucynok 1.
1 1 PaBHOCTOpOHHSA runepOona,
4 2 aCUMINTOTHI KOTOPOM MapaJUieSibHbl OCSIM  KOOPJWHAT

Halinem AOMOMHUTENBHBIE TOYKH, COCTaBHUM TAOJIMIy W TOCTPOUM
rpaduk (pucyHokl). R

y

6) y= (X—4)2 npu X<4
7T—X npu x>4

Pewenue.
Jlannas GyHKIUS OmpenesieHa | X
HETPEPhIBHA B WHTEpBajax 4 7\

(—o0;4] U (4+0). TIpu X=4 MeHseTCS

AHAJIIMTUYECKOE BBIPAKECHUE

GyHKIMH. Pucynok 2.
N TonapKo B 3TOM TOUKE PYHKIIMS

MOKET UMETh Pa3PHhIB.

Onpenenum OJTHOCTOPOHHHUE MPENEIIBI B TOUKE X=4:

14



- - 2 . . -
lim y=lim (x=4)"=0;  lim y = lim (7-x)=3
x—4-0 X—4 X—4+0 X—4+0
x<4 x>4
T.x. OIHOCTOPOHHME MPEIETbI HE PaBHBI MEXIY COOOM, TO B ATOM
TOYKE PYHKIIUSI UMEET Pa3pbiB MEPBOTO poa.
CkaukoM ¢GyHKIMM B TOYKE pa3pbiBa Ha3bIBaeTCAd aOCOMIOTHAs
BEJIMYMHA PA3HOCTH MEXIYy €€ IPaBbIM U JEBBIM IPEIEIbHBIMU
3HaueHusaMu. CrenoBarenbHO, B Touke X=4 CKa4yoK (QYHKIUH

A =|3-0/=3. 'paduk GpyHKIMN (PUCYHOK 2).

Bonpocwt ona camonposepku.
1. Cdopmynupyiite omnpenenenue ¢yHkuuu? Yrto Takoe oOiacTb
onpeaeeHuss PyHKuumn?
2. Kakue cyuiecTByIoT criocoObl 3a1aHuil QyHKIIUU?
3. Urto Takoe 6eCKOHEYHO Masas U OECKOHEUHO 00JIbIlasi BETUYUHBI?
Kakas cymiecTByeT cBsI3b MEXKYy HUMU?
4. CdopmynupyiiTe onpeaeneHue npeaena QyHKIuu.
5. CdopmymupyiTe OCHOBHBIE TEOPEMBI O TIpeAenax GyHKIIUH,
6. Buasl HeonpeaeIeHHOCTEN U paBUiia UX PACKPBITHS.
7. IlepBblil 3aMeYaTENbHBIA MPEICI.
8. Bropoi1 3ameuarenbHbId Opeae.
9. Ilpupamienust aprymeHTa u GyHKITUH.
10. JlaitTe onpeneneHns HEMPEPHIBHOCTH (DYHKITUH.
11.YcnoBust HenpepbIBHOCTH (PYHKIIUU B TOUKE.
12. Yto takoe Touka pa3psiBa? Knaccudukaiuys Touek pa3pbipa.
13. OcHOBHBIE CBOMCTBA HEMPEPHIBHBIX (DYHKITUH.

1.2. 3aganus 1J8 CaMOCTOATEILHOT0 PellleHM .

Konumpononas paooma Nel «Ilpedenvt hynxkuuuy

Haiitu ipeaensl crienyonmx GyHKITUN.

B-1
i x? —25
a) XLnQom npu X, =1L x, =5,x, =00
— . Sin6x "
6) lim i y*+1 lim r) Iim(1+£j
x—0 X x—0 4X n—w 3n

15



X? —5X + 4

e A

_ Jx+6-2 3 . ( 5)“

lim ————— lim liml1+—
0) x>2  x+2 B) x-0 Sin 4x n 3X
B-3

2_

a) lim X" -9 nou x, =0;x, =3 x, =0

o x2 —ax+3 PH 0 ° ’

. X—5 . 3X . 5
6) lim——— B) |X'LT}) » r) lim(l+3a)e

X—5 /2X_1_3 Sin* a—0
4

X2 +3X+2
Q) iMoo g P o =L = 2, =<0
[io3_ i . 6 )"
0) IimM B) lim 2sin 7x r) I|m(1+—j
x—1 X — x—0 X n—oo n
B-5
. X2 —6Xx+9
a) M =7 npu X, =Lxy =3 x, =0
1 sin X 5
. 1-41—x _ o ) 5
6) leLrg—xz B) lim » r) LILr(l)(l+ 4ot )a
B-6
i X% —4x _ _
a) N s npu 3y = 2y = iy =0
. Ax+da-1 . sin4x . 3"
lim —M= lim lim| 1+ —
6) x>3  x4+3 B) x—>0  2X r) n—>oo( 8nj
B-7
. X2 —
) U g P 0 = 2% =iy =
fim —% l lim(L+ 20 Joa
im———— im im(l+ 2 )za
6) x>0 /x4 4 -2 B) x—0 SjNn 8X F) a—0
B-8
. X*+x-6
lim — X, =3x, =2;Xx, =0
2) % X2+ 4x+4 PH 0 0 0
Jx+5-3 Ax 8
Im— lim lim| 1+ —
6) =>4 x—4 B) x-0 5in 5X r) n%w( 5nj

16



B-9

X2 +3X+2 _ _
S
J9-x-3 . sin16x _ 1
im—~2 *° lim a
) I~ o r) lmit+7a)
B-10
. X2 +6x+9
a) lenxlm npu X, = 2,xy = =3,x, =0
. 2X . BX . 7Y
lim——=—— lim lim| 1+ —
6) x=0 2 _ J4—X B) x=0 5in10x r) n_m( 12”}
B-11
1-2x+ X2
a) X|I_)X0 ~ npu X, =2,x, =1 x5 =0
_ —X . sinbx 35 \a
lim—— lim i sx
) x—1 3_ /8_|_X B) x—0 6X r) LI_T)(]'_'_ 5)
B-12
a) jim 0% npu x, =0;x, =3;x, =0
x x2 —6x+9 P 0 0
4
. Alx+1-2 . X 2a \a
lim— = lim — lim| 1+ —
6) {im x—3 B) 305 sin 8x r) Hﬂ( 3j
B-13
2_ —
a) lim )2(—)66 npu x, =0,xy =—-2,x, =00
x>x X+ 7x+10
- 3 4n
i x-2 im 192X I|m(1+—]
0) IXITZ Nx+2-46-X B) IXIE‘]J oX r) n—w® 5n
B-14
. 2x?* +5x-3
) rexap P T =X =TS =
X =1-9—x . 5sin 3x : 7
I lim lim| 1+ —
6) xl—rg X—5 B) x—0 X r) n—o0 8n
B-15
2_
a) lim i npu x, =1L x, =—4,x, =
% 2x2 +6x—8 [ PH o T =T

17



6) lim——>"1 B) Iimsm—4 r) Iim[l+ij5
4

oL Jx+5 -7 -x o0 TX x-00 X
B-16
_2x2 -7
a) XILTO;——XX—:;B npu X, =0;x, =3,x, =00
2n
. Ix+5-+/3-x . sin 8x : ( 7 js
| | lim| 1+ —
0) jim, X+1 B) I} x/3 D) o 3n
B-17
. Bx®—4x-1
a) )!I_)nxl w2 —_6x+5 npu x, =-1Lx,=1x, =
n
_ Jx+7-83-x . tg8x : ( 5)3
lim lim lim1-—
0) T, X+2 B) 0o sin 3x 1) o 2N
B-18
X? —2x+1
a) )!I—>X0 2X2 _X—l npu xo =O,x0 :]_;xo —00)
7n
) lim—*—* lim SN 2X Iim(l——j ’
) X2 \/X+4—\/8—X B) x=0 §iN 3X I‘) N—»o0 3n
B-19
i x? +8x+15
a) M 7 3y 10 "PU Yo ="Lxp=-5x, =0
3x
: X—4 . 1g7x : 12
lim lim=—— lim| 1-—
0 Vx—=2-/6-x B) Do tg4x r) X%( 7xj
B-20
x> +5X+6
a) XLn;Lm npu x, =1x, =-3,x, =0
_ x-3-49-x . sin2x . ( 4 ]g
I lim lim 1+ ——
0) all X—6 B) x-0 3sin 7X r) n—o n-7
B-21*
. 3x%—4x+1
a) X'L”Qo—xz T3 s g PU Yo =0;x, =Lx, =0
5 x—3+x fim SN° 7X . 1\
Im lim| 1+
6) |XI_I'H 1—Xx B) x—0 X2 F) N—sc0 n+1
B-22*
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x? —3x-10

a) XLFTQO e sz U %o =1L x, =5x, =
VI+x—+/9—x sin 9x 7\
6) lim = p) lim 5 ) fim{1--T )
B-23*
. 84+2x—X’
a) )I(I_TOW npu x, =—Lx,=4x,=0
N7+ X —7—x 2tg; liml 1 8 %
lim lim myl+—-
0) lim x>0 5x B) x-0 5in 5X r) n—>o0 n-4
B-24*
3x* —10x +8
a) on WZix_g TPU o =0ixp =2 x, =0
3x% +x sin 8x 5 s
lim lim lim 1-——
0) % ”O\/4+X V4 —x )HO r) n»w( n+9)
B-25*
6x2 +13x+7
X, =—2.x, =—1 x, =00
a) | % 3x2 +8x+5 DU Yo 0 0
. 2n-1
. X-sinXx :
) M —— 2-Vx B) lim—— r) Ilm(n—JrSj
x4 «/6x+ -5 x—>01 — C0S 2X e\ N+ 4
3aoauu noevlwieHHON MPYOHOCHIU.
BorauciauTh npeaens:
2n+3
. (n-
)Ilm \/_ )I ﬂ B) Ilm(—j
x—9 4 /2)( x—0 n—>o\ N+ 5
2n+1
r) fim VA+ X =4+ x? ) i |m3x tgx e) |im(2n+3j
x—0 [44+x—2 x>0 sin? x n—o\ 2n+1

Huouesuovanovnoe zaoanue Nel «Henpepovienocmo (hynkuuu.
Touku paszpuwieay.

HccnenoBaTh GyHKIIMK HA HENPEPHIBHOCTh. ClienaTh YEPTEXK.

2X 2X

1 y=% ay=2 3.y=—n 4 Y=
' y_x+3 ' y_x—l ' X—3 ' X+1
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X 2X 2X 2X

>V 8T Y73 8T

0.y=2  10.y=—1 1 y=X  12y- X

T2 7% T ox Y= x
2— . .

13. f(X):{X 4-npu-x<1 14. f(x)= {X +1-npu-x<2
4-2X-npu-x=>1 4—X-npu-x>2

X+8-npu-x<-2
f(x) = X+95-npu-x<-1
15. f(x) {Xz—S-npu-XZ—Z 16. f(x)= {2 e
4—x2. .x<3 5-X-mpu-x<-1
17. 1) = e 18. F(x)=
X—=2-npu-x>3 x?+3-npu-x>-1
X2 —4-npu-x<2 X+6-npu-x< -2
(X)) = C f(x
19. 1) {3—X-npu-x22 20. 100 = {X —1-npu-x>-2
6—X*-npu-x<2 4. _
21 f(X)= 22 f() X+ npu x<-3
X—3-npu-x>2 2 npu-x>-3
X+3-npu-x<-1 NG —4-npu-x£2
23. T(x) =1, 24, T(x) =
X =2-npu-x>-1 6-2X -npu-x>2

1-X-npu-x<1
25% f(X)={(1-x*)-npu-1<x<3
X-npu-x>3

3aoanus noevlueHHO MPyOHOCHU.
HccnenoBath GYHKIIMM HA HENIPEPHIBHOCTh. ClieNaTh 4EPTEK.

X+2-npu-Xx<-1 —2X-npu-x<0
a) f(x)= X2+1-npu-—l<x31; 6) ()= x> +1-npu-0<x<1
—X+3-npu-x>1 2-npu-x>1
9—x*-npu-x < -2 —X-npu-x<0
B) f(X)=43-x-npu--2<x<1; r) f(x)= x> -npu-0<x<2
%X-npu~x>1 X+1-npu-x>2
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Ilpuknaousie 3a0auu cenpbCKOX03AUCHBEHHO20 NPOU3BOOCHIEA.

1) Conepkanre kapoTuHa K (B mpoMuiuie, T.e. B T Ha 1 Kr cyxoro
BEIIECTBA) B CKOIIEHHON Macce JIONEpHBI 4yepe3 t 9 BeIpakaercs

t
3aBHCHMOCTBIO K= Pe

[To 1aHHBIM ONbITAa MOIydYeHa ciefyromas | L 0 18
Tabnuna: 0.2 0.0
Haiinure mapametpel P m c, cocraBbre | K% | 4 8

TaOJIUITY 51 MIOCTPOMTE rpaduk
HaMJeHHOM 3aBUCUMOCTH, B3sB t oT 0 10 24.

2) ®yuknus x(t) =1000+500(1-2™") cooTBETCTBYET HENPEPHIBHOMY
pocTy momyisiuuu 0aktepui ot HayainpHOro pasmepa x(0)=1000 mo
npeaenbHoro x(t) = 1500. Yemy paBHBI YHUCICHHBIC 3HAYCHUS
nonyJysinuu B MoMeHT Bpemenn t = 1,2.3 ...., 10. [Toctpoiite rpadux.

3)UucneHHOCTh momy sy X(t) BeipaxkaeTcst GyHKIHUSIMH OT t:

2) () :100+11+°‘t)2 6 x(t) =100 +100¢"
g) x(t) =90 +10t’ ry x(t) =10e"*°

B kaxagoMm ciyyae HaWaUTe NpPENENIbHBIE pa3MeEpbl MONMYJALNUN U
HadaapHYy0 momyssiuio X(0).

Al Tomynsmmst OaKTepUid yBEIMYMBACTCS OT HAYAJIBHOTO pa3Mepa 0

pasmepa p(t) B MomenT t (AHM) COIVIACHO ypPaBHEHHUIO:
1000¢'

p(t)= t

1+01(e -1)

Haninure I|m p(). PaBHOBECHYIO MONYJIALMIO.
t—o0

5)[Ipu BIUSHUY TIIOKO3BI €€ COACPKAHUE B KPOBU OOJIBLHOTO CITYCTS

tu cocrapmsier () =10—8e™" Haiiyure lim <(®)

1>

- PaBHOBCCHOC COCTOAHUC COACPIKAHUS I''TFOKO3bI B KPOBH.
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1.3. UTOroBbBIN TECT.

1.06nacmob onpedenenusn pynkyuu y =~1-3X:
1.x>1/3; 2. x<-1/3; 3. x>1/3; 4, x>-1/3

2. Cpeou ¢ynkuuii evtoepume neuémnute 1)y=sindx; 2)y=log,4x;
3)y=4x%; 4)y=tgax’; 5)y=4%
1.1,2,3; 2.1,35; 3.1,3; 4.1,3,4.

3. Haitmu mouku nepeceuenus c ocamu zpaguka pynkuuu
y=4-x".

1. OX: (-2;0), (2;0); OY: (0;4); 2.0X: (4;0); OY: (0;0);

3. 0X: (2;0); OY: (0;4); 4. OX: (-2;0); OY: (0;-4).
: x—-1

4. IIpeden ¢hynxkyuu |X'LQ 7 o x _pbasen:

1.0; 2.1/3; 3. 00; 4. 3.
5. Omnouwenue 08yx 6eCKOHEUHO MAJIbIX GEJIUYUUH €CMb GEIUYUHA:
1. 6eckoHEUHO — MaJjas; 2. TIOCTOSTHHAS,

3. OeckoHeuHO — OombInasi; 4. HeompeAeIeHHasl.

6. Ilocmasvme coomeemcmeue Meofcoy npe@enamu U 3HAYECHUAMU.

. Iimsin8x 1. 1/4
Coxol o 2X
, Iim8+2x—x2 2. -4
Cxom 4x% — X
3. lim COS X 3. -1/4
" x-0 X2+ 4

i 4— x> 4. 4
4.1 N

2X

7. IIpu X — o pynkyusn Y = B w11 AeAemca:

1. OECKOHEYHO — OOJIBIIION BEIUYNHON; 2. HOCTOSSHHOM BEIUYUHON 2;
3. 0ECKOHEYHO — MaJION BEJIWYMHON;, 3. IIOCTOSHHOM BeJIMYnHOM 1.
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x—1
X3 + 3x% — 4x

8. Ckonvko mouex pazpviea umeem Yynkyusa y =

1.1, 2.2; 3.Hewnmeer; 4.3.

3n
2
9. Ilocneooéamenvnocmp |1+ | mpu N — oo cmpemumcs:

2 3
3. 00:

1. k yuciy e’ ;  2.Kkuucuy € ; 4. K yucmy e?.

10. @yukyua Hazvlieaemcsa HenpepvIGHOU 6 mouKe X=X, ecau
8bINOJIHACHICA:

_f(x,) . : . Ay
lim —===0: 2 lim f(x)=f(x,): 3. limAy=0: 4, lim—==0
X=X XO ! 2. X—X%g ( ) ( 0) ! 3. X—Xo y ! 4. Ax—0 AX
11. Jlan cpaguk pynxuui yt :
(pucynoxk  3), onpedenume i
COOMEEemcmeyouyio
dyukyuro: 1p------- :
—x’eciu X<1 \
1. X — 2, ecnu Xx>1 i X
il 2
X2, eciu x<1
2. 1
2—X,ecmu X221 i
— X%, eciu x<1
3. 2 xeem x>1 Pucynok 3.
— X%, ecnu x<1
4. X+ 2, ecnu x>1
12. Touka pa3puviea X=-3 aenaemca mo4uKoi pa3pvléa 6mopozo pooa
ona hynkyuu:
X2, ecnu X< -3 _X2—9
1. X, eciu X>-3" 2. Y= X+3'




X? — 2, ecu X< -3 2X

4. Y=—""

3. 4+ X, ecnu Xx>-3' CX+3°

13. @yukyus 6 mouxke X=I1 umeem 00HocmoponHue npeoe’ivl
lim f(x)=+c; lim f(x)=+ ykasars rpaduk Taxoii rpadux:

X—1-0 X—1+0
N i
4

v

v

v

—

1. 6eCKOHEYHO — OOJIBIIION BEIUMYNHOM; 2. TOCTOSSHHOM BEIUYHHOM 2;
3. 0ECKOHEYHO — MaJIOM BEJIWYMHON;, 3. IIOCTOSHHOM BeJIMYnHOM 1.

o
14. Ilpu x — 0 ¢hynkuusn y:x3——x+1 aenAemea:

15. B mouke umeem pa3pwvleé nepeozo pooa, eciu 6 IMoil mouKe:
1. 0oAHOCTOPOHHME MIPEIETBI HE CYIIECTBYIOT;

2. OJTHOCTOPOHHUE TIPEJIEIbI CYIIECTBYIOT U PaBHBI;

3. OAWH U3 OJHOCTOPOHHUX MPEIEIIOB HE CYIIECTBYET;

4. OTHOCTOPOHHUE MPEIEIIbl CYIIECTBYIOT, HO HE PABHBI.
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Masa 2. ANGPEPEHLUMNAIIBHOE UCHUCTIEHUE
®YHKUUU OOAHOU NEPEMEHHOMW.

2.1. HeoO0xoaumMblii TeOpEeTHYECKUNA MUHUMYM H
IpUMepPbI pellieHUs TUIIOBBIX 3a/a4.

Onpeoenenue npouzeoonou hyuxuuii. Ocrnoeénvle npasuia
u hopmynnt oudhhepernuuposanusi.

Onpeoenenue 2.1. Ilpouszsoonou dynxunu y = f(x) B Touke x
Ha3pIBACTCS NPEACH  OTHOIICHHUS TMpHUpAIICHUS (PYyHKOHH K
MIPUPAIICHUIO apTyMEHTA, KOT/1a IMMOCIeTHEE CTPEMHUTCS K HYJIIO:

lim ﬂ: lim f(x+ Ax) — f(x)
Ax—0 AX AX—0 AX

(2.1)

[TpousBoanas obo3navaercs y' win, f'(X) ,umm e

B MexaHuKe MpoOu3BOAHAS OT MPOWUJEHHOTO MyTH S MO BpeMeHH t
€CTh CKOPOCTH V.

v=S'(t,) (2.2)

B reomerpum mpousBojgHas QyHkimu y = f(x) ecth yrioBoii
KO3 (UIIMEHT KacaTelbHOU K rpaduKy 3Toil QyHKIUHN:

k=1"(x,) (2.3)
YpaBHeHHe KacaTenbHOU K Tpaduky pyuknmm y = f(x) B Touke
Mo( Xos yO) uMeeT Bua: Y— Yo = f ,(Xo)(x - Xo) :

B Owuonoruu mnpousBoAHAasE 3TO €CTh HPOU3BOAUTEIBLHOCTH
KU3HECATEIIbHOCTH MUKPOOPTaHW3MOB B MOMEHT BpEMEHU 1.
y'=p'(t) (2.4)
Ipumep 1. [Tycts monynsmaus B MoMeHT t HacuuTeBaeT P(t) ocooOeii.
HaiiTu ckopocTh pocTa NOMyJIslKK: a) B MPOU3BOJIbHBIA MOMEHT {;

0) B MOMeHT t=/c.
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Pewenue.

M3 OMOJ0rHYecKoro CMbICiIa MPOU3BOAHOM nMeeM: Y '=p’(1)=200t —
CKOPOCTh pOCTa TOMYJSIIMA B  MPOW3BOJBHBIA  MOMEHT {;

y’=p’(1)=200.

JeiictBue HAaXOXKICHUSA MTPOU3BOIHOU Ha3bIBACTCS
oughgpepenyuposanuem GHyHKIUw.

Oowee npasuno ougpgpepenyuposanusn (uemoipe wiaza
HAX0XCOCHUA NPOU3BOOHOIL)

1. npunath aprymeHTy GyHKIIMU IPUPAILICHUE Ax |

2. Haiith u3sMeHenne Gyukiun AY (npupamienne GyHKIHH)

Ay = f (X+ AX) — f (X);

3.HalTH OTHOIIIEHHE TIpupanieHust QYHKIUHU K MPUPAIICHUIO apTyMEHTA:
Ay

Ax

4.HaWiTU TIpeleNn 3TOr0 OTHOIIEHUSA MPU YCIOBUM, YTO NpHUpAIICHUE

. Ay ,
apryMeHTa CTPEMUTCS K HYJIIO: AllTo& = f'(x)

Ocnoenvie npasuna oughpepenyuposanus.

Ecmu  ¢yskmm  u = u(x) u V =V(X) mubdepeHIHpyeMbl B
TOYKE X, TOTJa CIHPaBEJIUBHI  CJICAYIONINE IpaBUIIa
nuddepeHIpoBaHHUS:

1. (cu)'= cu', roe ¢ - mocTOsTHHAS;
2. (UxV) =U"2V' - IPUBHUIIO CIOKCHHMS,
3. (u-v)" =u'v+V'U- npaBuso MpousBeAEHNS;

/

u) uv-vu
4. v) 2 - IPUBUJIO YACTHOTO;

5. IlpousBoaHas CI0KHOU (DYHKITUU: f ’(CD(X)) = f'(u)-u’ , TIe
U=U(X) - npomesicymounnviii apeymeHm.
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Tabauua npou3ze00HbIX OCHOBHBIX YHKUUIL

Taoauna 1.
a) IpocThie QYHKITUN 0) cioxHbIe QYHKITUU
y=f(x) y = f(u)u=p(x)
1. (x) =1
2. (x”)' =n-X 2a. (u”) =n-u""-u’
' 1 ' 1
JIx) = — Ju) =——-u’
3. (%) 2% sa. () 2Ju
1 1 '
4, (—) =T 4a. (lj S u’
X X u u
5. (ax)’: “-Ina 5a. (a”) =a’-Ina-u’
6. (ex) =€ 6a. (eu) =e" U’
S| S
7. (log, x) = s 7a. (log, u) = v
1 '
g (Inx) = = 8a. (Inu) =%-u’
9. (sinx) =cosx 9a. (sinu) = cosu-u’
10. (cos ) = —sin x 10a. (cosu) =-—sinu-u’
1 R
t fqu) = - U
11. (tgx) = — ta. (tgu) = —5—
12. (ctg ) L 12a. (ctgu) =- L
- sin? x ' sin?u
13. (arcsin X), S 13a. (arcsin u)’ __ 1 u’
1-x° 1-u®
' 1 4 1 ,
14. (arccos x) = - 14a. (arccosu) =- ‘u
1-x° 1-u’
' 1 4 ,
15. (arctgx) =T 15a. (arctgu) =
i 1 ' ’
16. (arcctgx) =T 16a. (arcctgu) =7

27



IMpumep 2.

pod l .o
Haiitn npousBoaayto GyHKmU f(x)=2x——+3Yx’ H BBIUKCIHTH €€
X
sHavenne mpu X =1,
Pewenue.

[IpeoOpazyem paHHyr (YHKIIUIO, HCHOJIb3Ysl CBONCTBA CTENCHHU:

1 m
—=X" g W = X"
2
f(x)=2x—x>+3x3
[locnenoBatenbHO  mpUMEHUM  TpaBwio  JauddepeHIrupoBaHUs
anredpandeckoi cymMmmbl (2) u popmyisi (1),(2).

2

/()= (2x) — (x) + [3&] =2(x) —(x2)+ 3[sz _2.1-(-3) x4 3.§X3-1 -

1
=2+3-x*+2-x 3 =2+i4+£1:2+i4+i
X x*  3/x

JI7 HaxOXKJI€HUsSI 3HAYCHUSI MPOU3BOJHOW B TOYKE IMOJCTABAM B

BBIP@KCHHE TIPOU3BOIHOM 3HaueHne X =1,
3 2

Homyunm: f'(1)= 2+1—4+% =7
Ipumep 3. Haiitu mpousBogHbIC CIEAYIONTAX (DYHKITHI:
t® -10

a)y:X2.|nx; 6)y: t2
Pewenue.
a) Ilpumenum npaBwio auddepeHIupoBaHUs TPOU3BEACHUS JIBYX
bynkumii (3) u hopmyisl (2) u (8)
y =(x2) -Inx+x2-(In X) =2x-Inx+ X’ A X-(2+Inx+1)

X

0) IIpumenum npasuino auddepeniupoanus yactHoro (4), popmymny
(2):
. (B-10) -2 -t -10)-(t?) 32— -10)-2t 3t*-2t*+20t t*+20t
(t2)2 £ 4 £
tt* +20) 12420
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IIpumep 4. HaiiTu mpou3BogHBIE CIEAYIONTUX (HYHKITAN:

a) y= (Xz —5X)3; 5) y = esmx+l; B) y = N |n§; rS= parcsint
Pewenue.

Oynkuuu (a), (0), (B) NpeacTaBiIsIOT CO00M CIIOKHBIE (PYHKIIUH.

a) [Tonoxxum U = X* —5X, Torma Y = u®

[TocnenoBarenbHO MPUMEHUM TIpaBmio TuddepeHIupoBaHUs
cinoxuol ¢pyukiuu (5) u popmyiny (2a), 3atem npaBuio (2) u
(popmyy (2).
y/(0)=(u*) =3u°-u'(x)
y'(x)=3(x? =5x - (x? =5x) =3(x* ~5x - (2x-5)
6) Ionosxum U =SiNX+1, torga Y = e", [Tpumenum popmymy (6a),
npaBmio (2) u popmyiy (9)
y'(x)=(e") =e*-u'(x)

. 4 .
y'(x)=e"™" . (sinx+1) =e™™*".(cosx+0)=cosx-e
B) BTOpOIi COMHOXHTEINB €CTh CIIOYKHAsK JTorapru(MuuecKas (yHKIUs

sin x+1

X
Inu ,rae U =7 . HalimeM pOU3BOIHYIO 3TOI'0 COMHOMXHUTEJIS I10

2
dbopmye (8a).

.(zj._z

2) X

[To mpaBuity (3) u popmyne (2), umeeM

y'(x)=(x*) -2+ x° -(Inzj _a X tox -(3In§+1j
2 2 2 X 2

R
2

00 =2 w6 g (i) -

r) Hycrs Y =2 ,20e U =arcsint

2arcsint . In 2

1—t?
IlIpouzeoonwie evicutux nopsaokos. Illonsmue oughhepenuuana.

S'=2"-In2-u"=2""".In2-(arcsint)’ =

[IpousBogHass (QyHKIMU  HA3BIBAECTCS MPOW3ZBOJHOM MEPBOIO
nopsiaka. Ecnu dyskuus  guddepeHuupyema, TO ee MPOU3BOAHAS
HA3bIBACTCSl MPOM3BOIHONM BTOPOTO MopsiAka u oOo3Haudaercs ().
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[IpouzBogHOM  3-rO  TOpsAAKA  HA3BIBAETCA  IPOU3BOJAHAS  OT
MIPOU3BOJHON 2-TO MOPSIKA.

Onpeoenenue 2.2. 1Ipon3BogHbIC NOPSKA BBIIIE TEPBOTO HA3BIBAKOTCS
nPOU3800HBIMU BLICUIUX NOPAOKOGB.

Onpeoenenue 2.3. IlpousBencHue MIPOU3BOHOM f'(X) Ha
IpUpalleHue AX Ha3bIBaeTCs ougpgpepenuyuanom pyuakuum y= f(x)

B TOUKE X, .

O6o03nauaroT nuddepennnan dy win df(x). [ToaroMmy MOKHO HamUcaTh

dy = f'(x) - AX (2.5)
Jlis  mpupalleHus HE3aBUCHMOM IIEpeMEHHOW uMeeM Ax=0X, wu
nostomy auddepeHnran Takke 3anuceiBaetcs B puae: dy = y'dx.

Dopmyna 0151 8bIYUCTIEHUL NPUOIUNCEHHBIX 3HAUEHUU DYHKYUU:

(2.6)
IMpumep S.
C nomorisio nuddepeniirana mpuOIMKEHHO BBIYACIUTD
Pewenue.
Paccmotpum pyHKIHIO ,
1) Ucnonb3yem (GpopmyiTy JJIsl BBIYUCICHUS MPUOIMKCHHBIX 3HAUYCHUH
byHKIMM:
2) Tlomoxkum , Toraa
3Hauur, =1

3) [MoxcraBnsis HaliieHHBIC 3HAUCHUS B (DOPMYITY, TTOTYIHM:
1,1
Ilpumenenue ouppepenuuaibHoO20 UCHUCIEHUA K UCCIE006AHUID
dyukuuu.

OgHOo W3 caMbIX BaXHBIX Ha3HaueHWN JuddepeHnanbHOro
VCYUCIIEHUS - 3TO MPUMEHEHHE €ro K HCCIECIOBAaHMIO (DYHKIUU, T.€. K
XapaKTEPUCTUKE MOBEACHUS (DYHKIIMU TPU U3MEHEHUU apTyMEHTA.

Bo3pacmanue u yovieanue ynkyuu na unmepeaie
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Onpeoenenue. Oynkus y = f(x)

Ha3bIBACTCS
BO3pacTaen Ha
HEKOTOPOM
IPOMEXKYTKE, €CITU
OoJbIIIEMY
3HAYEHUIO

apryMeHTa
COOTBETCTBYET
OO0JIbIIIEE 3HAYCHHUE

dynkImm,

Onpeoenenue. DyHKUUS
y = f(X) Ha3pIBaeTcs
yObIBawmen Ha
HEKOTOPOM
MIPOMEXYTKE, €CIIH
0oJIbIIIEMY
3HAYCHUIO
apryMeHTa
COOTBETCTBYET
MEHbIIIeE 3HAUCHUE
byHKIMK, T.€. IS

<k, 100> £(6),
RN
gl

- b
L

|’1 LI X

Onpeodenenue 2.4. Ecniu (yHKuus Bo3pacTaeT uiau yObIBaeT Ha
HEKOTOPOM MPOMEKYTKE, TO OHA HA3bIBAETCSI MOHOTOHHOM Ha 3TOM

MIPOMEXKYTKE.

Heooxooumoe u 00CmamouHoe
YC08UA 603DACMAHUA

¢dynxkyuu
Jlnst Toro, 4ToObl HEMpepbIBHAS
dbyHKLIMSA BO3pacTajia Ha

WHTEpBaje, HEOOXoAUMO U
JIOCTaTOYHO, 4YTOOBI €€ TMepBas
MIPOU3BOIHAS ObLIa
MOJIOKUTEIHFHON BO BCEX TOYKAX
ATOTO UHTEpBaa.

HeoOxoo0umoe u
0ocmamo4Hoe yciaoeus
yovieanusa pynkyuu

Jlost TOTO, YTOOBI
HeTpepbIBHAS byHKIISA
yObIBaJIa ~ Ha MHTEpBAJeE,
HEOOXOJIMMO M JIOCTaTOYHO,
YTOOBI ee nepBas
IPOU3BOIHAS ObLIa

OTPULIATEIILHOW BO  BCEX
TOYKaxX 3TOTO UHTEPBAJIA.



Onpeodenenue. B Touke X Onpeodenenue. B Touke Xg

byuknun y=Ff(X) dynkiuu y=Ff(X)
UMeeT MUHUMYM UMeeT MAKCUMYM
(min), eciu (max), eciu
3Ha4YC€HHE (PYHKIIUU B 3HAYCHHE

ATOU TOYKE MEHBIIIE, (GyHKIIUU B 3TOU
yeM 3HauCHHUE TO4YKe OOJIBIIE,
(GyHKIIUY B YeM 3HAYEHUE
OJIM3IekKAIIUX (GYHKIUN B
TOYKax, T.C. OJIU3IIEeKAIINX

f (Xo) < f (Xo+ X). TOYKaX T.e€.

f(Xo)> f(Xg+X).

VA2

A x

3} %

Onpeoenenue 2.5 Toukn max uW MIN  HA3BIBAIOTCS TOYKAMU
IKCmpemyma.

OyHKIMS MOXET HMETh B
CBOE 001acT OmNpeaeIeHus
HECKOJIbKO TOYEK MaKCHMyMa
u MuHuMyMa.  Hekortopsie
MUHUMYMBI (YHKIIUA MOTYT
OBITH OOJIBIIIE €€ MAKCUMYMOB.

Y 4

[)
.
.
[
[]
L]
]
S

]

)

.

.

.

]

]

i
1| >4 X X

B mouke ¢ynuxyus umeem MunuMym,

a 6 mouke QyHKYus  umeem

MAKCUMYM.
Heooxooumoe ycnosue Ilepsoe oocmamounoe yciosue
Cyuiecmeosanus CYUIeCmeO08aHUsA IKCmpemyma

IKcmpemyma ¢yukyuu
Ecnu Xy — Touka skcTpemyma Ecnu HenmpepniBHas (QyHKUMS B
byHKkIMH , U 3Ta QYHKIUA TOYKE Xg HMEeT  TEPBYIO
muddepeHnpyemMa B JTaHHOU MPOM3BOJIHYIO0, paBHYIO 0, ¥ mpH
TOYKE, TO €€ MPOU3BOJHAS B nepexoje uepe3 Xg MpOU3BOIHAS
ATOW TOYKE paBHA HYJIIO WU MEHSIET 3HaK ¢ “+” Ha “ —*“, TO B
HE CYIIECTBYET. TOYKE Xy (PyHKIMS MMeEeT Max,
ecia ¢ “-"mHa “+”, TO MIN.
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Onpeoenenue 2.6. Touku, B KOTOPBIX MPOU3BOJHAS pPaBHA HYJIIO WIIU
HE CYIIECTBYET, HA3bIBAIOTCS KpUmMuU4ecKumu mouyxamu GyHKIuu .

Buvinyxknocms u éocnymocms epagpuka pynkyuu na unmepeane

Onpedenenue. I'paduk GyHKINH
Ha3bIBACTCS BBITYKJIBIM Ha
MHTEPBAJIC, €CIIH OH
PacCIOJIOKEH HUKE JII000H ee
KacaTeJIbHOM HAa 3TOM
WHTEpBAJIC.

0

Heooxooumoe u 00CmamouHoe
ycao6us 6blnyKaocmu cpaguka

¢dynkyuu

Jns Toro, rpaduk
HEIPEPHIBHOM byHKIHH
OB BBIMYKJIBIM Ha HWHTEpBAJC,
HEOOXOJAMMO H  JIOCTaTOYHO,
qTOOBI  BTOpas  IPOU3BOJHAS
OblJTa OTPHUIIATEIFHOM BO BCEX
TOYKaX 3TOr0 MHTEPBaJIa, T.€..

4TOOBI

Onpeoenenue. ['paduk
byHKIIUU HAa3bIBACTCS
BOTHYTHIM Ha HWHTEpBaje, €clu
OH PACMOJIOKEH BBIIIIE JIFOOOH ee
KacaTeJabHOU Ha 3TOM
UHTEpBaJe.

Y/

0 X

Heooxooumoe u 00CmamovHoe
ycaoeusn 6ocHymocmu zpaguxa

dynkyuu

st Toro, dYtoObl Tpaduk
HEMpEepbIBHOW (YHKIIUU OBLI
BOTHYTHIM Ha HWHTEpBale,
HEOOXOIMMO M JIOCTaTOYHO,
qTOOBI BTOpAs TPOU3BOIHAS
OblJIa  TMOJOXUTEIBHOU  BO
BCEX TOYKaX 3TOTO
WHTEpBasa, T.c..

Onpeoenenue 2.7. Touka rpadguka, B KOTOPOU BBITYKJIOCTh MEHSAETCS
Ha BOTHYTOCTb WJIM HA00OPOT, HA3BIBAECTCS MOYKOIU nepezuoa.

ﬂocmamouuoe yciosue cyuiecmeoseanusl mo4ekK nepezuﬁa
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Eciu BTOpas mpou3BOJHAs TPU TEPEexXoje uyepe3 TOUKy Xg , B
KOTOpOH OHA paBHA HYJIO WJIW HE CYIIECTBYET, MEHSET 3HAaK, TO
TouKa rpaduka ¢ abciuccoi Xy ecTh TOUKa neperuoa.

Onpeoenenue 2.8. Acumnmomoit KpUBOW Ha3bIBACTCS MpAMasi,
pAaCCTOSIHUE JI0 KOTOPOW OT TOYKH, JICKAIIEH HA KPUBOMU,
CTPEMUTCS K HYJIIO IIPU HEOTPAHHUYEHHOM YJAJICHUU OT
Haydaja KOOPAWHAT 3TOW TOYKH MO KPUBOU.

Buowt acumnmom

Bepmukanvnasn Topuzonmanvuas Haxnounas
y y
0 / X 0 X
0 X
[Tpsimas [Tpsmas [Ipsimas
ABJISACTCS rae rae
BEPTUKAIILHOU
ACUMIITOTOM ’ ’
rpapuka  (QyHKOMH | gBgeTcs ABIIAETCS
, Unu TOPU30HTAIBLHOMN HAKIIOHHOM
- acCUMNTOTOW rpaduka | aCUMIITOTOM.
’ GyHKIIH
IInan noanozo uccneoosanus ynkuuu
1. Haittu o0nacte onpeaesieHus: GyHKIINH,

2. HaiiTu TOYKM pa3pbiBa WM 3alucaTh ypPaBHEHUS BEPTUKAIBHBIX

ACHUMIITOT.

3. UccnenoBaTh GyHKIMIO HA YETHOCTD UM HEUETHOCTD.
Ecnu BBINOJIHSETCS YCIOBHE TO JaHHAs (PYHKIMS SBIISIETCS YETHOM
u ee rpaduk CUMMETpPUYEH OTHOCUTENBHO ocu OY.

Ecimun BeImOJIHSETCS YCJI0OBHUC

TO HNaHHasg (QYHKIUS SBISIETCS

HEUETHOM UM €€ Trpauk CUMMETPUYEH OTHOCUTEIILHO Hayaja

KOOpJIMHAT.

4. HaiiTu uHTepBajibl MOHOTOHHOCTH (DYHKIIUU U €€ IKCTPEMYMBI.
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5. Haiitu mHTEpBaIIBI BBHITYKIOCTH M BOTHYTOCTH Trpaduka QyHKIIUUA U
TOYKH Meperunoda.

6. 3anucarh ypaBHEHUSI HAKJIOHHBIX aCUMIITOT.

/. Vicnonb3ys pe3yibTaThl UCCIEIOBAaHMS, B IPSIMOYTOJILHON CUCTEME
koopauHaT XOY noctpouts rpaduk QyHKIUU.
[Ipumeuanue: mpu HEOOXOAUMOCTH MOYKHO JIOTIOJTHUTEIHFHO HAUTH
TOYKH TIepecedeHus rpadrka ¢ ocsiMu KOOPAUHAT.

Ipumep 6. IlpoBectn monHOe ucciaenaoBanue QyHKiuu Y=f(X) n
MOCTPOUTH €€ rpaduk:

a)

0)

Pewenue.

a)

1) ®yskuus ompeaeneHa MPU BCEX JACHCTBUTEIbHBIX 3HAYEHUAX
3HAYMUT,

2) T.x. o0nacTei0 OMpEACNICHUS JaHHOW (YHKIIMU SIBISETCS BCS
yucjaoBas OCb, TO TOYEK pa3pbiBa (GYHKIMHA, a 3HAYUT, U
BEPTUKAJIbHBIX ACUMIITOT, HE CYIIECTBYET.

3) Onpenenum, SBISETCS JIM JaHHAS QYHKIUS YETHOW WJIM HEUYETHOM.

N3 paBeHCcTBa BHAHO, YTO T.€. QYHKIHSA HE SBISICTCS HUA YETHOW, HU
HEYETHOU.
4) Haiinem uHTEpBajgbl MOHOTOHHOCTU (PYHKIIUU U €€ SKCTPEMYMBI

(ecau OHHM CYIIECTBYIOT).
Jlnst 3TOro TMepByI MPOW3BOAHYIO IMPHUPABHIEM K HYJIIO U PEIIUM
MOJTY4YeHHOE YpaBHCHHE

[lonmyunnu nBe KPUTHYECKHE TOUYKH, KOTOphIE pa3z0MBAIOT 00JIACTh
OTIpeJIeJICHUs Ha TPU MHTEpBaa;

OnpenenuM 3HaK MEPBOM MPOU3BOJTHOM B KaXKJIOM UHTEPBAJIE:

, 3HAYUT, HA ATOM UHTepBaJie (PYHKIIHS BO3paCTaeT.

, 3HAUUT, HA 3TOM MHTEpBaJie PYHKIIMS yObIBaET.

, 3HAYUT, HA 3TOM MHTepBaJie (PYHKIIHS BO3PACTAET.
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[Ipn nepexoae yepe3 TOUKy NPOU3BOAHAA MEHSET 3HAK C «+» HA «-»,
3HAQYUT, B 3TOM TOYKE (YHKIUS HUMEET MAaKCUMYyM, MpPU MEPEXOJie
4yepe3 TOYKY NPOM3BOJIHAS MEHSIET 3HAK C «-» Ha «+», 3HAYUT, B 3TOU
TOYKe (DYHKIUS UMEET MUHUMYM. BBIYMCINM 3HaueHUs] PYyHKIHUH B
HaWJICHHBIX TOYKAX SKCTPEMYMa:

T.o., PyHKIHS UMEET ABE TOYKH SKCTPEMyMa:

5) HaiimeM wuHTepBaibl BBINYKIOCTH M BOTHYTOCTH rpaduka
GYHKIIMHA B TOYKH TIeperuda (€Ciam OHU CYIIECTBYIOT).

JIst 3TOrO BTOPYIO MPOHW3BOJHYIO TNPHUPABHIEM K HYJIIO U PEIIUM

MOJTYyYCHHOE YpaBHCHHE

[Tonmyunnu oHYy KpUTHUUYECKYIO TOUKY, KOTOpas pa3OMBaET YHCIOBYIO
OChb HA JIBa UHTEPBAJIA:

OnpenenuM 3HaK BTOPOW MPOU3BOJHOU B KAXKIOM UHTEPBAJIE:

, BHAYUT, HA ’TOM HMHTEpBaje rpapuk (YHKIUU BHITYKIIbIN.

, BHAYUT, HA ’TOM HMHTEpBaje rpaduk (yHKIIMU BOTHYTHIM.

y\/

y 2 X
[Ipu nepexojie uepe3 TOUKY QBBOHHM M%T 3HAK C «-» Ha «+»,
3HAYUT, €CTh abciucca TOYKM TIepernda rpaduka (QYHKIIUU.
Bprauciaum opiMHATy 3TOW TOYKH:
T.o., — Touka neperu6ba rpaduka pyHKIUU.
6) Haiinem HakJIOHHBIE aCUMIOTOTHI rpaduka GyHKIUU.
Haxonsitcss oHn mo ¢opmyne: rae . 3HAYUT, HAKIOHHBIX aCHUMIITOT
naHHasg QYHKIUS HE UMEET.
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7) B npsSMOyrojapHOH  CHCTEME

koopauHat XOY  ormetum

TOYKHU DKCTPEMYMa.

, TOUKY Tiepernda | IMoCTPOUM

rpaguk  JaHHOM  (yHKIHH

(pUCYHOK 5).

6) ———t —+———+—
Pewenue. +
1)O6nacThio OIpeaeaCHUS 1

JTAHHOHN (YYHKITUH SBIISTFOTCS BCE T

3HAYEHUS IS KOTOPBIX 1
BBIITOJTHAETCS PaBEHCTBO T B
PucyHox 5.

3HaA4MHT,

2) OyHKIMS HE Oonpe/ielieHa Py , 3HAYHUT, €CTh TOYKa pa3phiBa.
Haitgem 0THOCTOPOHHUE NPENETBIL:

[Ipsimass sBIIsIETCSA BEPTUKAIBHOU ACUMIITOTOM.
3) Uccneayem QpyHKIUIO HA YETHOCTh U HCYETHOCTD.

W3 paBeHCTBa BHAHO, YTO T.€. (DYHKILHS HE SIBISIETCA HU YETHOW, HU
HEUYETHOU.

4) Haiimem WHTEpBaJIbI MOHOTOHHOCTH (YHKIIUA M €€ IKCTPEMYMBI
(ecnu OHM CYIIECTBYIOT).

Jl7g 3TOro mepByr0 MPOU3BOJAHYHO IIPUPABHSAEM K HYIIO U PELINM
IIOJIYYCHHOE YPABHEHUE

JpoOb paBHa HYJIO, KOTJIa YHMCIUTEIh PaBEH HYJII0, HO , 3HAYMT,
KPUTUYECKUX TOYEK HET.

OnpenenuM 3HAK TEPBOM MPOM3BOJHOM B KaXKJIOM W3 HHTEPBAJIOB
obnactu onpeneneHus. T.k. , a KBaapaT JIFOOOTO YKClia BCETaa YUCIIO
MOJIOKUTENIBHOE, TO APOObL MpH JOOOM U3 00JacTH OmIpeaeIeHUs
Oyner oTpunareabHo. 3HauuT, GYHKIMS yObIBaeT Ha BCeil oOiacTu
OTpEeICJICHUS, PKCTPEMyMa OHA HE UMeeT.
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5) HaiiteM WHTEpBaibl BBINYKJIOCTH M BOTHYTOCTH rpaduka
GyHKIMY ¥ TOYKH Tieperuda (€ciaum OHU CYIIECTBYIOT).

JIst 3TOr0 BTOPYHO MPOU3BOJHYIO MPHUPABHSAEM K HYJIIO U PEIIUM

MOJIy4€HHOE YPaBHEHHE

JpoOb paBHa HYJIO, KOTJa YHUCIUTEIb PABEH HYJIO, HO , 3HAYMT,
KPUTHYECKUX TOYeK HeT. OmpenenuM 3HaK BTOPOM MPOU3BOJHON B
KaXJI0M U3 UHTEPBAIIOB 00J1aCTH ONPEECITICHUS:

, 3HAUUT, Ha 3TOM UHTEpBaJie TpaPuK PYHKIIUH BHITYKJIBIH.

, 3HAUUT, Ha ATOM UHTepBaye rpaduk GyHKIUM BOorHYThIA. HecmoTps
Ha TO, YTO MPHU NEPEXOJE Yepe3 TOUKY BTOpaAsi MPOU3BOJAHAS MEHSET
CBOM 3HAK, OHa HE SBISAETCS TOYKOU meperuda, T.K. HE MPUHAIICKUT
oOJlacTy ompenesieHus: JaHHOW (GYHKIMU. 3HAYUT, TOUYEK Iepermnoda
rpaduk qaHHON (QYHKITUU HE UMEET.

Y\/-

»

y /N 1N/ X

6) Haiinem HaKJIOHHBIE aCUMITOTHI Tpaduka QyHKINH.
Haxopnstcst onu o dhopmyiie:
rae .

3HauwnT, npsimas (1.e. och OX)
€CTh TOPU30HTANIbHAS ACUMIITOTA.
7)Harigem JOTIOJTHUTEITLHYIO
TOUKY A — TOUKY IepecedeHus
rpadguka ¢yukiuu u ocu OY.
AoOctucca sToit Touku pasHa 0,
T.C.

B mnpsmoyronsHOUW — cHCTEME

LLZ L L L L L L
/>

1
L™

koopauHat  XOY  moctpoum
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BEPTUKAIBHYIO aCUMIITOTY, OTMETUM TOUYKY A(2;0) U, yuyuTsIBas, 4To

OCh OX €CTh TOPHU30HTAIIbHAS aCHUMIITOTA,
Pucynok 6.

nocTpouM rpaduk JaHHOW GYyHKIMH (PUCYHOK 6).
Haubonvuwee u naumenvuiee 3nauenue ynkyuu

y = f(X) na ompeske [a;b].
Ecin ¢yukmus y= f(X) HempepblBHAa Ha HEKOTOPOM OTpE3KE
[a; b], TO OHAa UMEET Ha ATOM OTpe3Ke HauOOJbIlIee U HAaUMEHBIIICE
3HAYEHHUS. OJTH 3HAYCHMUS JOCTUTalOTCSI €K WIM B TOYKaX

AKCTPEMYMa BHYTPHU OTPE3KA, MJIM HA TPAHUIIAX 3TOTO OTPE3Ka.

Otcroa cienyeT MOpaBUIO JJIS HAXOXKJICHHUS HauOOJIBIIETO H

HavMeHbIIero 3Hayennii pyukuun Y = f(X) ma orpeske [a; b] :

1.IlpoBepuTh, YTO HaA OTPE3KE [a; b] byHKIMS HEmpephIBKa
(T.e. TOYKHM pa3pbiBa HE MPUHAIEKAT 3aJAHHOMY OTPE3KY).
2.HaliTu kpuTHuecKkrWe€ TOYKH (QYHKIMH, T.€. TOYKH, TJIC

y' = f'(X) = Onmu ne cymecTnyer.

3. BeiOpaTh kpUTHYECKHE TOYKH BHYTPH OTpE3Ka.

4. Bpruucauth 3HaueHus QyHkimuu Yy = f(X) Ha KoHIax
OTpe3Ka [a; b]n B KPUTHUYECKHX TOYKAX BHYTPU 3TOro OTpe3ka. M3

MOJIYYEHHBIX 3HAYEHUW BHIOpaTh camMoe OOJbIIIOE U CaMoe
MAaJICHBKOE.

IIpumep 7.
Haiitu HauOonpliee W HauMEHbIIEE 3HAYEHUsS (YHKIUU
y = x> —6x° +9x Ha orpeske [-1;2].
Pewenue.
1. ObOnacte omnpeaeneHuss QYHKIUU —o0<X <400, 3HAYUT Ha
oTpe3ke [-1;2] oHa HenpepbIBHA.
2. Haxonum KpUTHUYECKHUE TOUKHU.
y' =(x®—6x*+9x) =3x* —12x+9
y' =0;3x* —12x+9=0;x> -4x+3=0
X =LXx,=3
3. x=3 He NpUHAIICKUT OTpe3Ky [-1;2].
y(-1)=-1-6-9=-16
4 Y(2)=8-24+18=2
y) =1-6+9=4
5. y(-1) =-16- HauMeHbIIee 3HaYeHUE QYHKIIUH Ha oTpe3ke [-1;2]
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6. Y(1) =4- naubonsiuee 3Hauenue GyHKIMH Ha oTpeske [-1;2]

Bonpocwt onsa camonposepku.
1.ChopmynupyiiTe ompenenenue mnpous3BogHoN. OOImiee mpaBUIIO
HaxO0XAeHud (YeThIpe 11ara).
2. KakoB reomerpuueckuii, (pusmdeckuii, OHOIOTMYECKUH CMBICI
npousBoaHOM? [Ipumepsi.
3. Uro HazwiBaeTcs quddepenimanom GyHKIIN?
4. B uyem cocrour otraumuue auddepeHiyana (yHKIUA OT €€
pupanieHus ?
5. llpumenenue nuddepennuana K NPUOIMHKEHHOMY BBIYHCICHHUIO
3HAYCHUIO (QYHKIIUU.
6. KaxoBbI mpu3HaKy BO3pacTaHus U yObIBaHUS (YyHKITHI?
7. Uto  Ha3piBaeTca OKkcTpemymoMm  ¢yHkuuu? Kak  HaiTH
MaKCUMYM W MUHUMYM (YHKIAUA?
8. UeM ornuuaercs MakCMMyM (YHKIIUH, 3aJaHHOW Ha HEKOTOPOM
OTpEe3Ke, OT €€ HauOoJbIIero 3HaueHus? ToT ke BOIPOC 0 MUHUMYME
Y HaMEHBIIIEM 3HAaYCHUU (PYHKIIUH.
9. Kak wnaiiTu HauOosblliee U HaWMMEHBIIIEE 3HAYCHUS (PYHKIHUH HA
otpe3ke? Bceraa i OHM CyIIECTBYIOT?
10. Kak HaxoAsT HMHTEpPBabl BBIMYKJIOCTH M BOTHYTOCTH U TOYKHU
neperuba rpaduka GyHKIHN?
11.Yto Ha3eBaeTcs acumnToToil kpuBoi? Kak  Haxomarcs
BEPTUKAJIbHBIC M HAKJIOHHBIC aCUMIITOTHI I'paduka QyHKINH?

2.2. 3apaHusi AJisl CAMOCTOAATEIbHOI0 pelleHusl.

Tunoeou pacuem Noel no meme «Judhghepenuuanivroe ucuucienue
dVHKUUU 00HOTU nEPEMEHHOIL .

3ananue Nel. HaiiTi mpou3BoAHbIE YKA3aHHBIX (PYHKIIUM.

3amanue No2. Brraucauts MPUOJIMKEHHO C IOMOIIIBIO
nuddepennmana.

3amanue Ne3. UccnenoBaTh PyHKIMU U TOCTPOUTH Tpaduku
yKa3aHHBIX PYHKIUH, 1151 QYHKIMU a) HAUTH HanOOoJbIlee U
HAaMMEHbIIIEE 3HAYEHUE HA OTPE3KE.

1 ) 3
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2) f(x):x+x_12_5&,f(4)_?;

6) Y =1tgx - (1+2x);
Int
B) S(t)_t+—2 t=1;

r) y=e
1) y_(3x+1);
e) y=|n(2—x2)

Q.
=1tgx —;
x) Y=19 >

3) ¥ =x*-cos(x+1)

a) y=x>—3x*+3x,
[-9;2]

2

0) Y——l

a) f(x)= x—%+2\/_ f(9)-2
0) y=|nx-(x +2);

__Sinp 7,
B) y((p)—1+cos¢,qo 2’
r) Yy =sin3x;
1) Y =(x+6);

t+1

e) y=¢€
x) Y = t9(2>< 1)
3) y =sin xIn3x.

a) Y =X —6x*+9x,
[0;4]

__3
0) ¥ X+ 2

a) f(x)=2+x—22—4 x, f(1)-?

6) y=e"- (X3 +1>
t2

B) g(t)zm t=3;

r) Yy = CctgSX;

) y:cos(go5 +1)

e) y=(x~ )“'

x) Y =€

3) y=X- thx

a) ¥ =X +3x*+3x,
[-2:4]

4

0) Y=X_3
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a) f(x)=2 +——\/_ f(1)-2
6) y=¢€" -(x +1)

B) 9(t)=r—

r) y =Cctg5x;

7) y:COS((PS +1)

e) y=(x-2)"

)K) y e2x 3.
3) y=X- thx

=3

a) y=x"—3x*—9x+3,
[-4:2]

1
0) Yy=—"

X+2

a) f(x):2+x—33—24 x, f(1)-2;

2

0) y— t

8) V(o ) (2-9) 900 =0;
r) y =cos(5x —2),

n) Yy =+2x-3;

e) y=e1‘xz,

x) Y = In(3x +1);
3) y =x?-sin(5x —1)

a) Y=X°—9x®+24x-2

[1;5]

2
0) ¥ X+1

a) f(x):3x—%+23 x, f(4)-2;
6) y=e*-(2-3x);

{2
B) S(t): {2 —Z;t =0

r) y=ctg%;

ny= (x3+1)3'

e) y e2cosx

xK) y—sm(x +2)
3) y =X -tg5x.

a) y=Xx°—9x* +15x -3,
[0:6]

a) f(x)= +Xi_3 X, f(1)=2

2

6) Y="7 7

B) y(p)=(3-

0 )-t9p;0=0;

=—X"——=X"—-4x+10
a) y 3 >

[-2;9]
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3sinx.

r)y=e ",
0 y=tgVx;
e) y=(2t+1)’;

xK) Y= cos(g —1);
3) ¥ = x°-In(1-5x),

Q) £()=ax-— + 3, F0)-7

X
0) ¥= x? +1;
p) z(t)=¢"- (3t -1t =0;
r)y=e”,
1) Y =cos(7Tp+2);
e) y=In®x;
x) y:ctg%&;

3) Y = Xx* sin >,
2

1
a) y=§x“—%—ex—2,
[-2;4]

5
6) y_x+5

a) f(x)=5x—£+3 x, f(4)-72
X .

0) y= x? -3’

B) g(p)=(1-2p)-sing;p=0;

r) Yy =ctg3x;

1) Y =sin(2x +3)

e) y=+v3t-1

x) y=e""

3) Y =X’ -Insinx.

1, 5,
=——X"+=-X"—-4x-1
a) Yy 3 5

[0;5]

4
6) y_x+2

10

) F(x)=6x—2+3x, 1(4)-2

6) y=sinx-(1-2x)

t
B) S(t)=—5it=1

r) Yy =Ctg7X;
I[) y — e5Sin¢);
e) Y= COS(X6 —1)

3-
)

x) Y= (X2 +l)

a) y=ix =2 48,

[-1,7]

B

6) ¥="—

N
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3) y = (X2 +3)-In5x

11

2) f(x)=3x+§—2%/§,f(1)—?;
6) y = In(x? + 2x}

B) S(t) tt+3

r) Y =sin7g;
I[) y:5COSX;
¢) y=(1-2x)"

x) y=tg(§— j:

3) y=x>-e*

t=0;

a) y:—%x3 + X +3x-2
[-4:2]

y =X
0) X—3

12

2) f(x)=3—%+4i/§,f(1)—?;

6) y =sin(5-3p)
8) g(t)=(2t +3)-e";t =0;
r) Y =In2x;

x+1

n) y=¢€
&) y =ctg(x-1)
) y:(x2+4)3;

X
3) y=x°-cos—.
)Y 3

=——X"+—X"+3Xx-6
a) ¥ 4 8

[-2;5]

6) y:L

X+2

13

a) f(x)= 2x+

6) y="; X
+

B)S ( )e t=0
r y=tgle’ +1)
_ X-
) y=cos_;
e) y= /X2_.

)K) y e —x341,
3) y_(x3—1) In5x.

X, £ (4)-2;

14

a) f(x):3x3+%—5\/;,f(1)—?;

1.
=——X"+6x+1
a) Yy 5 :

44




t5
OV oy
B) ¥(p)=(p* ~1)-sing;p=0;
r) y=3%
1) y=|n(3—x3)
€) y=(8t3 —1)2;
K) y—m;

3) y X esmx

[-1;3]

1
a) f(X)= 2x° +§+3 X, f(l)—?;

3

X
B) 5()—(t +3)~et;t=o; -
15 I‘) y:62x—l; ;
1) Y =ctg2x; o
6) V= ——
e) ¥ =sin(2p+3) ) Y=-"2
x) y=(5x2+3)4;
3) ¥y =X-Incosx.
a) f(X)=2'><6—x—32+§’/§,f(1)—?;
05" 1, 9,
2-x3 a) y=—Zx +§X +3X—6
B) y(¢)=((ﬂ2 +3)-sin 0.0=0;
r) Yy =ctg8x;
" o 0;4
I[) y e t2 5 [ ]
x) Y= cos(3+2j
3) y=x°-Intgx.
3_1 3 .
a) f(x)=2x v +43/x, f(1)-7; 2) y=£X3—X2—3x+2’
X - 3
0) Y= ;
17 : X* [-4:0]
B) S(t)=(t? +1)-Int;t =1, N
”y_eexz' 0 Y=116
n) Yy =sinlp® -1}
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18

e) y—In(3x +8)

&) Y =V x> +5x%;
—2x3.cos| = 2|

3) Y = 2X cos( 2)

a) y=2x>—12x* +18x,
[0:3]

33X
0) Y= "4

19

a) f(x)=x’ LSy, f(1)-2

X
x—8

6) Y=
B) g(t)=(t+5)-et;t=0;
r) y =sin(x—2),

Il) y ec05¢+2

e) Y =Inx’;

) yz(x2 —7)3;

X
3) Yy =X ‘tg(3—z)-

15 5,
=—X"—=X"+4x+3
a) Yy 3 > ,

[2;4]

20

3
==X’ —Zx*-3x+4
a) Y 3
[-3;4]

0) YZr
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X) y=+x>-1;

3) y=X° -sin(4—x3)

2) y:W+5x4—§,y'(1)

y =tg(x*) ++/5-X

6) y = arcsin x-e”* y=lnX*2
3X - 9
sin 3t a) Y=—EX3+gx2—3x—3
r) Y= I
nt
21% | m)Y=1g9(x*) +v5-x [0:6]
) 2x -1
) y:cosG—SjJre?’x
5 y =€ +37,0(0)
1
a) y:€x6+8E{/F—x, y'(2) y =sin* x—In16x
62X _ 1 3 6 2
0) y= @la¥ct_gﬁ45—1+gx +3X+7
COS X
x| B) Y=51g3t,t=0 (2% =Y
r) y:In(x2+2x) oy 1
n) y=v7-2x°; 0) y:(x_l)z
X
e) y=x2-sm§.
K) Yy =arctgv4x -1
— 3_i_ ! arcctgl
) y =4 =3y 2 Lo 1 ~3x-4
6) y=x-e* :In?’xz_1
23* [-4:3
B) y= In3>2<X Iy
X+e 5) y =
2
F) y:3arccosx —tg% (X_Z)
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) y=sin* x—In16x

e)S = V1-t*-2' t=0

x) Y =Incos8x-cos

=In
D Y=

2) ¥ =% —3x* —X—i,y'(l)

y =1g(x*) +/5-x

= arccos- 4* _n3x+2
0) Y y In3x—2
tg 2t a) y=-02x>-12x*+3x+8
r) YZI—
nt
24* );[)yZCtg(Xs)-i-\/Z-i-X ['6,2]
y=In 2X+2 &) y= ?
°) 2x—2 T
) y:cos(§—1j+e2X
5) =" +57,9(0)
1
a) Y=EX5 +8%/F—X, y'(2) y =sin* x—In16x
e5x
0) y_@ y =arctgv/4x -1
o a)
B) y=2 -sin3,t=0 y* = 3x* =5x.y
25* y=—§x +§x +3x—-4

n) y =In(x? +2x}
n) y=v7-2x°;
X

=x%.sin=.
e) Y >

k) Y = arcctg/3x° —1

[-5:4]

2(x —1)?
VDITTe

Ilpuknaousie 3a0auu 6 ceabCKOX03AUCHBEHHOM

npou3zeoocmee.
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1) HaiiTu CKOpPOCTh HW3MEHCHMS MOIYJISIUH OaKTepUH, CCIH B
MOMEHT BpeMeHH t(4) oHa HacuuTsiBaet p(t)=3000+100t°

2) CwmelieHre B OTBET Ha OJMHOYHOE MBIIICUHOE COKpAICHHE
t2

(EIMHIYHBINA UMITYJIEC) ONIMCHIBAETCS ypaBHEHHEM X =€ 2
Hauanure cKkOpoCcTh U YCKOPEHUE B 3aBUCUMOCTH OT t (X 6 cm, t 6 ¢).

3) ONbITHBIM IIyTE€M YCTAaHOBIEHO, 4TO MAacCy >MBOTHOIO IIPH
YCTAHOBHUBIIEMCS PEXHMME OTKOPMAa MOKHO CUMTaTh (yHKIHMEH
BpeMeHn oTkopma t, 1249 p_s [ jweii, rae P- macca, xr,
t — Bpems, OH.

Halitu npusec xuBotHoro 3a 10 ngHel, HaumHas ¢ 64 —oro aHs
KOPMJICHUS.

4) 3akoH HaKOIUIEHUS CyXOH OMOMAacChl y HEKOTOPOTO COPTa SIrOJ
orpeeNsIeTcs: ypaBHeHueM Y = 0,03x —0,0004x?

rae X — YWCIO JIHEM OT paclyCKaHUs TOYEK, Y — HAKOIUJICHHE
Ouomaccel B Kr Ha | KycT. BBISICHUTH, Kak HW3MEHHUTCS cCyxas
Onomacca Kycta nmpu u3mMeHeHuu X ot 50 1o 60 auei?

5) 3aBHCHMOCTH CYTOYHOTO YOS Y B JIUTPaxX OT BO3pacTa KOPOB X
OIpEAeIsACTCS YpaBHECHHEM Y =—9,53+ 6,8x —0,49%%, X > 2

HaiiTu Bo3pact JOMHBIX KOPOB, IPYU KOTOPOM CYTOUHBIA Y0 OyAeT
HAUOOJIBIITHM.

6) 3aBHCHMOCTh MEXIy YpO’KaeM O3WMMOW MIIEHUIbI Y (1/ra) u
HOPMOMW MoceBa ceMsiH X (MJIH. 3epeH/ra) BhIpa)kaeTcs (PyHKIHEH

y=56+81x—-0,7x°

Haiiaute onTUMalibHYyI0O HOPMY MOCEBA CEMSIH [Jisi TOro. YUTtoObl
MIOJIy4YUTh MAKCUMAaJbHBIA YPOKail.

2.3. UToroBplii TECT.

1.IIpoussoonou pynkuyuu y=f(X) 6 mouxe x, Hnazvieaemcs npeoen:
imY . gim Gt A0=F00) - FO=T() o, AX
x50 X 5 4. Ax—0 AX y 3. y—0 AX ; 4. ms0 Ay

49



2.Mexanuueckuii cmMolCl1 REPBOIl NPOU3BOOHOI COCOUM 6
ceoyrouiem:

1. IIpousBoHAsT OT MyTH MO BPEMEHH HEPABHOMEPHO JBMKYILEUCS
TOYKH paBHA YCKOPEHUIO B JAHHBIA MOMEHT BPEMEHU;

2.IlpousBonHas QyHKIIMKM B TOYKE paBHA YIIIOBOMY KOI(P(MUIIMEHTY
KacaTeJIbHOMU, MPOBEACHHON K rpaduKy QyHKIIMU B 3TOU TOUKE;

3. IlpousBoaHasi OT MyTH MO BPEMEHHW HEPABHOMEPHO IBHKYILEUCS
TOYKH paBHA CKOPOCTH B JAHHBI MOMEHT BPEMEHU;

4. TIpousBoaHas GyHKIIMU B TOYKE paBHA pabOTe CUJie, MPUIOKECHHOM
K 3TOM TOYKE.

3. Hycmo nonynayus ¢ momenm t nacuumwigaem p(t)=500+10t°

ocobeit. CKopocmb UMEHEHUsl NORYIAAUUU OAKMeEpPUU 6 MOMEHM
eépemenu t=2c paena: 1. 540; 2.500; 3. 520; 4.40.

4. Ilpou3zeoonaa om uacmmno20 08yxX QyHKUUU HAXO0UmMCA NO
dopmyne:
u’ u'v—uv’ u'v+uv’ uv'—u'v
1. v 2. V2 ; 3. V2 ; 4. V2

5. Haiumu ougppepenuuan ¢pynxyuu Yy =Incosx

sin x dx

1. dy=—"dx. dy = . dy = —tgdx - dy = tgdx
y x : 2-ysinx’ 3. dy=-lgax.- 4, =49

6. Kaxasa u3z npuonusxceHnovlx popmyn 01 npupauienus ynkuyuu
npu ycinosuu, umo AX — 0eepha:
1 Ay~ /() +Ax. o Ay~ f'(x)Ax. 3 Ay~ f'(X)—AX. 4 Ay = f(X)AX

7. YKkastcume npu Kaxux «X» Qyukuyun Y=3-4x+2x° yovieaem:
1.(-00); 2. (1;+x); 3.(0;1); 4. (- o0;+o0) .

8. Ecnu nenpepoienas pynkuusn Y=f(X) umeem npouszeoonyio '(x)6o
6cex  MmMoOYKAX  HEKOMoOpo20  uHmepeand, cooepicauieco
KpUMmMuuecKkylo mouky X=C, u eciu npou3eo0Has f'(x) npu nepexooe

clleea HANPaso uepe3 KPUmMuueckylo mouky X=C MeHsem 3HAK C
NI0Ca HA MUHYC, MO PYHKUUS 8 IMOIUL MOUKE UMECH:
1. min; 2. max; 3.0; 4. Touky meperuoa.

8. I'pagpux pynxyuu 6 unmepeane (a;b) evtnyxastii, ecnu f(X)
umeem f'(x)6 IMOM UHmMepeae, NPUUEM:
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1. f"(x)=0: 2. f"(x)#0: 3. £"(x)>0; 4. £"(x) <0,

9. Kakomy zpagpuxy coomeemcmeyem c600Has madaiuya:

X (— oo;—l) 1 (1;+oo)
f'(x) - HE +

f"(x) - CyILICCT. +

fx) | ? ?

/

—

<
S

10. Bepmuxanvnasn u 20pu30HmaibHas ACUMRMOmMbl 2paduxa

X
gynxuuu 'y = x_1 UMelom ypagHeHu:

1. x=1;y=0; 2.x=-1;y=2; 3. x=1; y=2; 4. x=2; y=1.
_1 3 1 2 6

11. Touxku s3xkcmpemyma ona pynkyuu y_§X _EX X

1. Xmax=3; Xmin=-2; 2. Xmax=-2; Xmin=3;

3. Xmax=-3; Xmin=2; 4. Xmax=2; Xmin=-3.

12. /lan cpaghux ¢pynkyuu.
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Kaxasa emy coomeemcmeyem ceoonas maonuua:

1.

X (~oo-1) | -1 (-1-05) |-0,5 (~05;2) 2 (2i+00)
f(x) - 0 + + + 0 -
f"(x) - - - 0 + + +

f(Xx) ? 11 ? 0,5 ? 13 ?

2.

X (—oo-1) | -1 (-z-05) |-0,5 (-05:2) 2 (2;-+0)
f(x) + 0 - - - 0 +
f"(x) - - - 0 + + +

f(X) ? 11 ? 0,5 ? 13 ?

3.
X (—o0;-1) -1 (-1-0,5) -0,5 (-0,5,2) 2 (2;+0)
f'(x) - 0 + + + 0 -
f"(x) + + + 0 - - -
f(X) ? 11 ? 0,5 ? 13 ?
4,

X (~oo-1) | -1 (-z-05) |-0,5 (-05:2) 2 (2;+0)
f(x) + 0 - - - + +
f"(x) + + + 0 - - _

f(X) ? 11 ? 0,5 ? 13 ?

13. @opmynst 015 HaxoxcoeHus KOIPPuuuenmoe HaKi10HHOU

acumnmomoasl.
L k=lim 2 p=lim (f+k

X—>0

X—>00

3. k=lim 2 b=lim (100 -k0

X—>0

X—>00

2. k=lim f(9: b=lim (f()-k9

X—>0

4. k=lim f): b=limk-f(x)

X—>0

X—>00

X—00

14. Ykazamo npu kaxkux 3nauenusax «X» f'(x)<0-

A

p

/

0

1\ 3 4 A\




L (-0 ) UE U E+): 2 (ODU(45): 3, (-=0)U(24). 4. (0:2) U(45)

15. I'pagpux ougpgpepenuupyemon pynkuuu y=f(X) nazvieaemcs
8bINYKIbIM Ha unmepeane (a; b), ecau on pacnonosicen
JII00011 ceoell KacameabHOoll HaA IMOM UHmepaeae:

1. cmeBa oT; 2. cmpaBa oT; 3. HWXKe; 4. BBIIIE.

16. Boiuucaumo npudIus#ceHHo ¢ ROMOuibio oughpepenyuana
V25,01 , RPUMEHAS hopmyy:

1. TOGy)= f(X;Yo)+ F'(X,)AX;4/25,01 = 5,001

2. T(xy)= (X5 ¥,)— f’(xO)Ax;\/ﬁ ~ 4,999

3 FOGY) = (X Yo)+ F/(X)i4/2501~ 51

4. T(xy) = f (X Yo) + A% /2501 ~5,01

Mmaea 3. AHTETPUPOBAHUE ®YHKLIMA OOHOM
NEPEMEHHOMW.

3.1. HeoOxoaumblii TeOpeTUHYECKUA MUHUMYM H
NpUMepPHbI pellieHNnsl TUMIOBBIX 3a71a4.

Heonpeoenennwtit unmezpan. Ceoiicmea.
Memoowl evtuucienus.

Onpeoenenue 3.1. Oyuxums F(X), ompenencHHas Ha HEKOTOPOM
MHOJKECTBE Ha3bIBaeTCs repBooOpaszHoit i pynkiuu Yy=Ff(X) Ha aTOM
MHOKeCTBe, eclu BeosHsgercs yenosue: F'(X) = f(X).
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3ameuanue 1. Oynkmus f(X) umMeeT MHOXKECTBO TIEpPBOOOPA3HBIX,
KOTOpPbIC OTJIUYAIOTCS APYT OT APYyra Ha MOCTOSHHOE YHCIIO U UMEIOT
Bug F(X) +C,r.k. (F(X)+C) =F'(x)+C'=F'(x)+0=F'(x) = f(x).

Onpeoenenue 3.2. Eciu F(X) — omHa M3 mepBoOOpa3HbIX (PYHKIIUU
f(x) , To mHOXecTBO (GyHKIMH Buma F(x) +C, roe C — nmponsBoJibHAs
IOCTOSTHHAS, HA3bIBACTCS HEONPEICICHHBIM HHTETPAIoM (YHKITHH

f(x) w 0603HaqaeTc;1:I f(X)dx=F(X)+C, rme f(x) -

noapIHTerpanbHas GyHkuus; f(X)dX — moabpIHTErpaIbHOE BRIPAXKCHHE.
JevicTBue HAXO0XKICHUS nepBooOpazHoit HAa3bIBACTCS
UHmMeZPUPOBaAHUEM.

Ceolicmea neonpeoenennoz2o unmezpand.

1.Ilpou3BomHasi ~ OT  HEONPEACIICHHOIO  HWHTErpajia  paBHA
HOIBIHTETPANIBLHON (QYyHKINN: q f (x)dx), — f(x)-

2. ludbdepeniman OT  HEONPEACICHHOTO  HWHTErpajia  paBeH
MOJBIHTEIPAIILHOMY BBIPaXKEHUIO dq f (X)dX) =f (X)dX.
3.Uuterpan ot mauddepennrana (QyHKIIMA paBeH caMoOd (PyHKIHUH
IUIIOC MPOU3BOJIbHAS ITOCTOSTHHAS .[ dF(x)=F(x)+C.

3ameuanue 2: CpoiictBa (2) u (3) HEONpEeOeIEHHOr0 WHTErpaia
yKa3plBalOT HAa TO, YTO  OIEpallid  HWHTECTPUPOBAHUSA U
mudpepeHITUPOBaHNS SBISIOTCS B3aMMHO OOpaTHBIMHU.

3HaK «d» u I CTOSIIHE PSAIOM B3aUMHO NOTAIIAKOT APYT ApPYyra.

4.HOCTO$[HHBII>'I MHOKUTCJIb BBIHOCHTCA 3a 3HAK HCOIIPCACICHHOI'O
marerpana [ K- f(X)dx =k [ f(x)dx.

S5.MHTErpan OoT CyMMbl KOHEYHOTI'O YHUCJIA HEMPEPBHIBHBIX (PYHKIIMU
paBeH CyMMe MHTETPAIOB OT ATUX byHKIIMU

[(f 00 +g(x))dx = [ f ()dx + [ g(x)dx.
6. (MuBapuaHnTHOCTH (POPMYJIIBI HHTETPUPOBAHUS ).
Ecnm [ f(x)dx = F(x)+C, 0 [ f(u)dx = F(u)+C, rae
U= @(X)-Ipon3BOJbHAs  (YHKUMSA, HMEKOIAs  HENPEPBHIBHYIO
IPOU3BO/IHYIO.

Takum o0Opazom, mwbas GopMmyna Jjs HEOMPEIEeICHHOTO
MHTETpaja 0CTaeTcs CIpaBeJIMBON HE3aBUCUMO OT TOTO, SIBJISIETCA JIN
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NepeMeHHass UHTETPUPOBAHUS HE3aBUCHMOM MEPEMEHHOU WK 000U
dbyukien. s BBIUMCICHUS HWHTETPajoB COCTaBieHa TaOmuia 2
OCHOBHBIX UHTETPAJIOB.
OcnogHble MemoObl UHMEZPUPOBAHUA 6 HEONPEOeIEHHOM
unmezpade.
1.Henocpedcmeennoe unmecpuposanue no maoauye.
Hpumep 1.
Haittu ciienyromue HeOnpeIeIeHHbIE HHTErPaJlbl:

a)j.(Q/l;—4ﬁ+5-3X—6)dx ;

Pewenue:
@) Tlpu BeYMCIEHMM HCHONB30BamM 4 W 5  CcBOMCTBa

HEOMNpPEJCICHHOr0  MHTerpajia W TaOnu4HeIiMH  dopMmyiamMu
uHTterpupoBanus Nel, No2 No7.

dx 1 X
O =—arctg-+C.
Ny =229,

1 1
j(l—4ﬁ+5-3x —6)dx=jx_ﬁdx—4jx2dx+5j3xdx—6jdx

’/x
5 3
X6 4x2 X Q/fr, 8\/*3 X
_?_TJFS 3" /In3-6x+C==-VX ~3 X" +5:3"/In3-6x+C
6 2
[Ipy BEIYUCIICHUH UCIIOIB30BaIN Ta0IUuHYy0 hopmyiy NelS5.
Tabéauna 2.
1.[dx=x+c; 15. J _LarctgX+c
a®+x° a a
2. IXndXZ:n+ll+C, n=-1; 16. jdx :In(x +\/X2+t)+C;
i VX% +t
dx X—a
_ ——2f+c 17. NN Y
3 T JIx Ixz—a2 2a  |x+a
dx 1 dx a-+Xx
4., | —=——+C" 18. =—In—+c-
Ix:ox 8. | 2—x2 2a |la—x|
5, '%zln\xhc- 19. | 2 Jax b+c:
X ’ Jax+b a

55




6. [e*dx=e" +c;
- a*

7 |a*dx=—+cC 20. je”*bdx=leax+b+c;
- In a a
. . 1

8. [sin xdx=—cosx+c: 21. [sinaxdx = —=cosax +c;
- a
- ] 1 .

9. |cosxdx=sin X +cC: 22, jcosaxdx=asm ax+c:

dx dx 1

10. =—Ctgx +cC; 23. =—Injax+b|+¢C

jsinzx o J.ax+b a | |

11. | d): = tgx +C;
’ cos? x

12. {tgxdx=—In|cos X +¢;

13. [ ctgxdx = In[sin X +c;

- dx . X
14, | ————==arcsin—+cC:
"Ja? —x? a

3ameuanue 3. Jlns TpUBEACHUS UWHTETPAJOB K TaOJIMYHOMY:

Xn+l
jx”dx=
n+1

+ C, HCITIOJBb30BaIn CBOMCTBA CTCICHMU:

n

—n. M m
1/x"=x"; VX" =xm,
2.Memoo 3amenbl nepemerHoU (Memoo noOCMAaHO8KU).

OPDEKTUBHBIM METOJIOM HWHTETPUPOBAHUS SIBIISIETCS METO/
3aMeHbl nepeMeHHOM. CyIIHOCTh 3TOr0 METOJa 3aKIIF0YaeTCs B TOM,
YTO IIYTEM BBEICHUS HOBOW NEPEMEHHOW YHAeTCA CBECTHU HAHHBIM
MHTErpall K HOBOMY HHTErpally, KOTOPBIM CPaBHUTEIBHO JIETKO
OepeTcsi HEMOCPEICTBEHHO 10 TaduIie 2.

PaccmoTpum nBa Bua MOACTAHOBOK:

1. IlonBenenue pyHKuMM moja 3Hak Auddeperimana:

[Ipy BBIYUCIEHUU HHTETPAIOB HSTOM IMMOJCTAHOBKOW ITOJIB3YHOTCS
dbopmynoil:
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~[f(u)du=F(u)+C=F(p)+c| (1)

, | u=9(x)
[ f(0(x))@'(x)dx = U = o/ (X)dx

ITocne HaxoXkIeHUs HMHTErpaja MpPaBOM YacTU ATOTO PABEHCTBA
CJIEYET MEPEUTU OT HOBOM MEPEMEHHOW MHTErPUPOBaHUA U Hazaj K
CTapou NMEPEMEHHOU X.

B wactHOCTH eciu U=ax+b, To umeer mecto popmyna:

u=ax+b
[ f (ax+b)dx =| du = adx =ij f (u)du :;F(u)+C :iF(ax+b)+C (32)
dx = 1 du
a
HHpumep 2.
Haittu cnenyrommue HCOHpe,Z[eJIGHHI)Ie WHTEIrpaibl:
a)|cos(7x+ 2)dx; O
)| cos(7x+2) ) j Ibr
Pewenue.

@) JIns BEYMCIEHHs MHTErpajia Bocrojb3yemcs popmyoii (3.2)
U TabauyHOoM hopmMyoit Ne9 .

u=7x+1
Jeos(7x-+ 20 =|du =7 :%jcosudu :%sin(7x+2)+C.
u
dx=—

0) Jlns BEMMCICHHS HHTErpajia BOCIojb3yemcs hopmyioii (3.2)
Y TaOJIMYHOMN cbopMynoﬁ No5 .

dx
| —= In(4 5X)+C.
4— 5x
Paccmorpum 60.]166 CJIOYKHBIE MMOJICTAHOBKU:
IHpumep 3.

Haittu HeonpeneIeHHbIE MHTETPAIIBI.

2
dx )J‘ X“dx ; G)I

a)j
X(1+ In x) 2x° — cos? x
Pewenue:

tg 3X
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a) [IpuMeHsasT METOJI MNOACTAHOBKH, KOTOPBIM IO3BOJISIET CBECTH
JTAHHBIN HHTErpan K TadnumyaoMy No2, Mojydum:

1+Inx=u -2
dx du 3 u 1
I—3: dX:dU :JA73:J‘U dt:_ +C:_—2+C
X(1+1In x) » u 2 2(1+1Inx)

0) TlpumeHsas METOJ IOACTAHOBKH, KOTOPBIA IO3BOJISET CBECTH
JTAHHBIN MHTErpall K TabnuyHomy No5, mosmydum:

24 2 -5=u 1.du 1 1
I X3 X —|6x%dx = du| == —u=—ln\u\+C:—In‘2x3—5‘+C
X dx:g

¢) IlpuMeHss MeTOJ HOACTAHOBKH, KOTOPBI IO3BOJNSAET CBECTH
JAHHBIA UHTErpal K TA0TUIHOMY Ne6, MoTyduM:

03 tg3x=u
g3x
COs” 3X COs” 3X 3 3
dx  du
cos?3x 3

2. Tloncranoska Buna: X = @(t).

[Iycte X = (0('[) - GyHKIMA, HENPEPBHIBHO TuddepeHimpyemas Ha
paccMaTpuBaeMOM MPOMEKYTKE, TOT/Ia UMEET MECTO (hopMyJia.

| x=9(t) | ,
jfumx_dxz¢ﬁﬁ“_jf@m»¢amt (3.3).

IIpumep 4. HaiiTu HeonpeaeneHHbI HHTErPAT:
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Ix Jx =t

—]-dX: X:t2
X+ dx = 2tdt

dt -

t2dt (t +1) t?2 +1
=2
t? +1 j t? +1 It +1

—Zj _Zjdt—z'2 = 2t — 2arctgt + C = 2+/x — 2arctg/x + C
t? +1 17 +1

3.  Memoo unmezpuposarnus no Yacmsm.

[Tycte ¢yHKImuu U=U(X) u V=V(X) HUMEIOT Ha HEKOTOPOM
IPOMEKYTKE HEMPEPHIBHBIC MPON3BOTHBIC.
Paccmotpum popmyny nuddepeniman oT nporu3BeeHUS
d(uv)=udv+vdu . Tlpomnrerpupyem ofe 4YacTH paBeHCTBA W
noJyduM (popMyITy HHTETPUPOBAHMS TI0 YACTSIM:

Judv=u-v—[vdu (3.4).

B 3aBUCHMOCTH OT MOABIHTErPAIBHOTO BBIPAXKECHUS PA3IMYAIOT J1Ba
BHUJIa UHTETPAIOB, KOTOPHIE BBIYUCIAIOTCS METOJOM MHTETPUPOBAHUS
10 YaCTSIM.

1. MuTerpansl Bua:

[P (x)-%dx; [Py (x)-adx; [P, (x)-sin kxdx; [P, (x)-coskxdx, rae

P, (X) - anre6pandeckuit MHOrO4IEH; K — HEKOTOPOE YHCIIO.

Bo Bcex wumTerpamax o6osmaunm 3a U =P (X), a ocraBmeecs

BBIpaKeHHEe 3a (v, mpuYeM IpH HAXOXIACHUU V HE 3alHChIBacM
KOHCTaHTY.
2. uTterpansl BUaA:

[x®In xdx; [P (x)-In xdx; [ R, (x)-arcsin kxdx; [P, (x)-arctgkxdx,

TJIe a- 9UCTIO.
B srtux cnywasx 3a U npuaEMaeMm Inx, arctgkx, arcsinkx
COOTBETCTBEHHO, a OCTaBIIIeeCs BhIpakeHHe 3a dv.

IMpumep S. BeuucinTe HEONIPEAECICHHBIC UHTETPAJIBI:
a)[x-sin2xdx;  6)[xIn xdx.

Pewenue:
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@) TlomplHTErpanbHOE BBIPAKEHHE COOTBETCTBYET —HHTErPaly

NEepPBOr0 BUJA, NPUMEHAS (POpMyYJly HHTETPUPOBAHUSI IO YACTIM,
MTOJTYYUM:

Uu=Xx dv = sin 2xdx
jx-siandx: : 1 —=X- —1c052x +
du=dx v={sin2xdx= ~ C0s2x 2

+1f0032xdx=—1x-0032x+l-lsin 2x+C =—1x-0052x+lc052x+c
2 2 2 2 2 4

0) TlomblHTETpanbHOE BBIPAKEHHE COOTBETCTBYET HHTErPaly

BTOPOr0 BHAA, NpUMEHAS (DOPMYyTy HHTEIPUPOBAHMS IO YACTSIM,
MTOJTyYUM:

B 3
jx3-lnxdx:u_lnd§ dv =X dxx4 :X—4InX—fX—4.%:
du=— v=jx3dx=— 4 4 X
X 4
x* 1 4 1 x* x* x*

== .In x——jx3dx:x—ln X—=- 2 4+C="-Inx—=—+C
4 4 4 4 4 4 16

Onpeoenennviit unmezpan. Ceoucmea. I'eomempuueckuil u
OUOJ102UYECKUIL CMbBICIL.

[Tycth Ha otTpe3ke [a;b] 3amana HekoTopas HempepbIBHAS

bynknus f(X).
Pazo0beM 3TOT OTpe30K Ha N TMPOW3BOJBHBIX dYacTel, 0003Hayas

TOUKM JieieHust 4epes 8y = Xg < X < Xo <.....Xqq <X, =D, a
JUIMHBI MOJYYCHHBIX IMPOMEKYTKOB AXl;AXZ; ..... AXn. B kaxaom us
OTPE3KOB [Xi—l;xi] BbIOEPEM IIPOM3BOJIBHYIO TOYKY (fj, 3HAYCHHE
¢byukumu B BoiOpanHoit Touke f(¢)ymHONKMM Ha  miunHy
COOTBETCTBYIOLIEr0 OTPE3Ka M COCTaBUM CYMMY BCE€X TaKuX

n

npomssenennit: Y. f (@;)AX; ,nonyuennas  cymma  HaspiBaeTcs
=1

UHMEeZPAIbHOU.

ITycts I= max{Axi }-)IJII/IHa HanOOJIBIIIETO U3 JIEMEHTAPHBIX OTPE3KOB

AX; pazouenus.
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Onpeodenenue 3.3. OnpeneineHHbIM uHTErpasioMm ot GyHkmun f(X) Ha
oTpe3ke [a;b] HaspIBaeTCs mpeaena COOTBETCTBYIOIICH HHTErpabHOM
CyMMBI TIPH YCJIOBHHM, YTO JJMHA HaWOOJBIIETO 3JIEMEHTAPHOIO
OTpe3Ka CTPEMUTCS K HYJI0, MPUYEM 3HAYCHUE HTOTO Mpeiesia He
3aBUCHT HHU OT crnocoba pa30ueHms OTpe3ka, HU OT BBIOOpA
IIPOU3BOJILHON TOYKH.

O6o3HavaeTcs:

b n
[ f(0dx=[lim2 f (a)Ax, (3.5)

|—-0i=1

OcHnoeHnuwie ceoiicmea onpedeﬂeuuozo unmezpaia.

1.1Tpu mnepecTaHOBKE MpPENEIOB HWHTETPUPOBAHUS H3MEHSIETCA 3HAK
WHTETpaJIa:

b b
[ f(x)dx =—[ f(x)-
a a
2. I/IHTePpaJI C OAMHAKOBBLIMHU IIPCACTIaMU NHTCTPUPOBAHUS PABCH HYJITO.
a
[ f(x)dx=0-
a
3. OTpe30Kk HHTETPUPOBAHUS MOKHO Pa30UTh HA YACTH:

b c b
[ £()dx = [ £(x)+ [ f(x)dx.

4. VaTerpal OT CyYMMbI HENPEPHIBHBIX (PYHKIUHA pPaBEH CyMMeE

HHTCI'PAJIOB OT BCCX CJIATACMBbIX:
b

b b b
[ (5,00 + fo(0) = F300)dx = [ £,(x) + [ £, (x)dx — [ F5(x)dlx.

a
5. IToCTOSTHHBINT MHOKUTEIb MOKHO BEIHOCHTH 3a 3HAK HHTCIpalia:

b b
Jk-f(Qdx=k-[ f(x).

I'eomempuueckuit cmvic onpeodesieHH020 uHmezpana.
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Onpeodenenue 3.4. KpuBonuHeitHol Tparneuueil HaspiBaeTcs Gurypa,
OrpaHWYCHHAS CIpaBa M ClieBa MPSIMBIMU X=D u X=a, CHH3y oTpe3KoM
[a;b] ocu OX, cBepxy rpaduxom

byukuuu y=Ff(x) (puc.1). ty y=F(x)
l'eomempuuecku  onpeodeneHHvlll -
unmezpaJl pasen niowaou
coomeemcmeyioujet  KpUuGoJUHEeUHOU
mpaneyuu: «
ol a b
Pucynok 7

Kp.mp. (3-6)

b
[ f(x)dx=$

Buonozuueckuii cmuvicn onpedenennozo unmezpana.
[Tycte um3BecTHa ckopocTh V(L) pocra HEKOTOPOH IMOMYJISAIUH,
Torja npupoct ee yncieHnoctr N(t) 3a mpomexxyTok BpeMeHu ot ty 10
t, paBeH onpeieICHHOMY UHTErpaly:

N (t) = ]%v(t)dt
L (3.7)

IIpumep 6. CKOpOCTH pOCTa HEKOTOPOW IOMYJISIIUM OIMUCHIBACTCA

ypaBHeHueM V=V, +V, rae Vo = 4000 (ocobeli B cekyH1y) — HadaIbHasl
— 2 .

ckopocTh pocta, V=300t" oc/cex. HaliTu npupocT momyisuuu 3a 2

CEKYH/IBI.

Memoowl gvluucienue onpedeieHHo20 unmezpand.
JInst  BBIYMCIEHUSI  OMNpPENENICHHOr0  WHTEerpasa,  Korja,
npumensiercst Gopmyna Heromona-Jleiionuya:
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b
J T (0= F (0 = Fb) - F(@

(3.8),

rne  F(X)- neppoobpasnas nns ¢pyrxkuuu Y = f(X), naxomures mo
tabnuie No2 HeonpeaeaeHHbIX HHTETPaJIOB.

2

IIpumep 7. BolUuCIUTL ONpPENENEeHHbIH HHTErpal I(XZ +1)dx mo

-1

dbopmyne Hprorona-JIeliOHUIIA M MOCTPOUTH COOTBETCTBYIOIIYIO

JAHHOMY MHTETPaly KPUBOJIMHENHYIO TPAIICIUIO.

Pewenue.

I[J'ISI BBIYHUCJICHHUS OIIPCACICHHOI'O MHTCIpajia IIPUMCHUM (I)OpMy.Hy

(3.8 ) Herotona-JIetiOHwmIa, oaydnm:

23

2 5 X3 2
_jl(x +1)dx = (§+x)_1: (§+2)—(

['eomeTpruecKku OnpeaeIeHHbIN
uaTerpai (3.6) mpencrapiser
10 as (PUTYPHI, OTPAaHHYCHHON
CBepXy rpadukom
MOBIHTETPATBHON (PyHKIIHH

f (X) = X* +1, crusy ocpio OX,

cieBa npsMou X=-1 u cnpaBa
npsiMOi X=2 ( pUCYHOK 8).

[Toctpoum urypy, s 3TOro
HalJIeM TOYKH TIepeCceUeHUs TUHUM:

(2

Y= le:>y:2:>A(—1;2);
Xx=-1

(2

<y_X2+1:>y:5:>B(2;5).
X =

63
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%H—l)):&

C
SABCD = bKs.e0.
B
A p X
-10 2
PucyHok &



3amena nepemerHOl 8 onpeodeseHHoM uHmezpaie.
b

EcnM 1pM BBIMHCIEHMH OINPEAECIECHHOIO HHTErpajia j f(x)dx or

a
HenpepbiBHOHN (yHKIMU f(X) TpeOyeTcs BBeCTH HOBYIO IIEPEMEHHYIO t,

Takyto uto X = @(1),0(a) =a,(f) =b,
rae gpyrxums @(t) mupdepenuupyema na orpeske [ B, To

b g
[ F(9dx= [ f (40 (D)t 3.9)

3ameyanue 3: Ilpu 3ameHe TEPEMEHHON B ONPEICICHHOM HHTErpale
00s13aTeJIbHO HYKHO MEPENTH K HOBBIM Tpe/iesiaM HHTETPUPOBAHUSI.
3ameuanue 4: VI3ameHeHHe NpeIesIOB B ONPEACICHHOM UHTErpajie npu
€ro BBIYMCICHUHM TMO3BOJIIET HE BO3BPAIIATHCA K IEPBOHAYATHHOMN
NepEMEHHON MHTETPUPOBAHUS.

5
IIpumep 8. BbUHCINTE ONpEAEICHHBIA HWHTErpall J.X\/3X + 1dx
0

METOAOM 3aMEHBI IIEPEMEHHOMN.
Pewenue.

V3Xx+1l=t=3x+1=t?

5 2 gt -1 2
[ x~/3x +1dx = x=%:>dx=§tdt ={ 3 tgtdt
1

0 X=0=t=1Ix=0=t=4

Y [ T
_5{& - )dt_g(s sj

Buvluucaenue naowiadu niockou puzypvt ¢ nomMouibio
OnpedeneHH020 uHmezpana.
[TonsiTe ONpeAeIeHHOr0 MHTErpaja IMIMPOKO MPUMEHSIETCS IJIs
BBIUHCJICHUSI PA3JIMYHBIX TEOMETPUYECKUX BEJIMYUH (IUIOMIAACH
IJIOCKUX (pUryp, 00beMOB TeJl BpallleHUs, TUIoMIaAeid MOBEPXHOCTEH 1

T.JL.).

- += =222 40,8
1 9|5 3 5 3/ 9 15

4_;(45 81 1}_; 2754

64



A y
N3 reomeTpudeckoro

CMBICTIa  OIPEACIICHHOTO —
WHTErpaja MOXXHO HaWTH QZ y = f,(X)
miomans ¢urypsr ABCD B}
(pI/ICYHOKg), 5 A 5\ y: fz(X)
OTpaHUYCHHOM rpaduKamMu
HENPEPBIBHBIX  (QYHKIIAN X
y=f00n y=1f00n — =
opsAMBIMH  X=a ©u X=D, a Pucynok 9
KOTOpasi BBIYMCIISACTCS II0
dbopmye:

b

SABCD = I( fL () — fo(x))dx (3.10)
a

IHpumep 9.

Brruucnuth miomaabr yyacTka (ra), orpaHM4eHHON JTUHUSMU:

yzlx% y=—X+6

3

Haittn ypoxkaliHOCTh COM C JAHHOTO y4acTKa Mpu ypoxaitHocta 10

/ra.
Pewenue.

HOCTpOI/IM YCPTCIK YyHaACTKA, HaﬁHéM TOYKH IMCPCCCUCHUA JIMHUMH.

Pemum cucremy:

2 = —
= — X
Y 3 :><1 3 —
Yy =—X+6 —x? =—x+6
(3
y = x2
1 3
y == x? ~3-9
3 :><X1: 2 :_6
X% +3x—18=0
—3+9

: A(-6; 123; B(3;3)

Touku nepecedyeHust JTMHUAMN:
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YuacTok MPEACTABIIAECT y
cobort  Qurypy AOB,
OTpPaHUYECHHYIO CBEPXY

npsmoii f1(X) =—X+6
CHUBY napabooit

A

f(x) = %xz (puc.4).

Brraucnenue miomagn I i < >
OCYIIECTBJIAEM I10 -6 0 3

dopmyne (3.10). Pucynoxk 10

B Hamewm cinyyae

f,(X) = —Xx +6; fz(x):%xz.

3 5 3
1 X 1 x°| 3
208 = Iﬁ[(_“&_éxz}dx{‘?”“5'3}—6:

3
[ -Y1g-3 || -F 3
2 3
=11,5+ 30 = 41,5(x6.¢0.).
1 xB. en. = Ira, caegoBareiapHOo: S=41, 5 ra,
BpryuciuMm ypoxaiHOCTb COM C JAHHOTO Yy4acTKa:
V=10u/ra * 4,5ra =45 11.

3
6—% = (-45+18-3)— (-18-36+24 =

Hecoocmeennvie unmezpaivl ¢ 0eCKOHEUHbIMU npedenamu
unmezpupoearnui.

B omnpeneneHun ONpeneneHHOr0 MHTETpajla CUMUTAETCs, YTO
WHTEpBaJl UHTETPUPOBAHUSI KOHEUEH U NMOJAbIHTErpasibHast (PyHKIUS HA
HEM HempepbiBHA. Eciu x0T Obl OJAHO W3 3THUX YCIOBHM He
BBITIOJIHSETCS, TO UHTETPajl HAa3bIBACTCS HECOOCMEEHHbIM.

Ecnu He BBINONTHSAETCA NEPBOE YCIOBHUE, TO UMEEM HECOOCTBEHHBIN
UHTErpall ¢ 0ECKOHEUHBIMU MpeeaMu UHTETPUPOBAHUSI.

3a 3HAYEHHWE WHTETpalla NPUHUMAETCA Npenen, K KOTOpOMY
CTPEMUTBHCSI COOTBETCTBYIOLIMH  ONPEIACIICHHbIM HHTErpal MpHu
CTPEMJICHUU TIPEIeJIOB UHTETPUPOBAHUSA K OECKOHEYHOCTH:
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j f(x)dx = |im j f (x)dx; (3.11)

b—w a

j f(x)dx = |im j f (x)dx; (3.12)

j f(x)dx = j f(x)dx + j f(x)dx (3.13).
0

Ecnm yka3zaHHble TIpedesibl KOHEYHBI, TO TOBOPST, UTO
HecoOCTBEHHbIE MHTerpan cxoautca. Eciam ke mpenen OeckoHeueH
(He CyIIecTBYeT), TO TOBOPST, 4YTO HECOOCTBEHHBIN WHTETpal

PaCXOIUTCH.
HpHMep 10. Borauciauth HeCOOCTBEHHBIC HHTEIPAIbI:
5 -2 dX o0
X
a) | e "dx; 6) B)
I Lveil s ,n -
PemeHue
b
a)Ie dx = Ilmfe 5Xd><——*||me = —Zlim (e -¢°)-
b—w g b—)oo 0 S b—o0
— é (e_oo —1)2 —;_J; (0-1) = 1 HecoOCMBeHHbIlL UHmMe2Pall CXOOUMCS
R |
3ameuanue 5: e 50, TK. g =~ == 3.
e” oo
of & j o In(x+7)_2 = lim (In5-1Inja+7))=
— X+7 a—>—0 g 7 a—>—o0 T

a

=In5-Inoo=1In5-00=—0—necobcmeennwviti unmezpan pacxooumcs.

6) B 3agaHHOM WHTerpale IPUMEHSAEM MOJACTAHOBKY B
ONPEIECIICHHOM HMHTETPAJIE.

dx
Iycts IN X =1, torna — = dt, ecan x=3, To t=In3; X —> o0, TO

X
t — 00, momyuum:
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S Sy (_;]b_,- (_LL;)_L
Dxn?x 2 am e T iIm My 1n3) " In3

b—o0|n3 b—w In3 bow

1
T.K.IIPU b >0 = B —0 - urmeczcpai CX00UmMCH.

Bonpocwvi camonposepku.

1.Chopmynupyiite  omnpenenenue  nepBooOpaszHoil.  OCHOBHOE
CBOMCTBO.
2.YUT0 Ha3bIBAETCA HEOMPEACICHHBIM UHTETPAIOM?

KakoB ero reoMeTpu4ecKkui CMbICH?
3.OCHOBHBIE CBOMCTBA HEOMPEECICHHOTO HHTErpaIa.
4. Tabnuiia HeONpeIeTICHHBIX HHTETPAJIOB.
5.MeToa MoJICTAHOBKHU B HEOTIPEICIICHHOM UHTETpase.
6. BeiBeaute dopmyny mHTErpupoBaHus 1o dacTsMm. Kakum obpazom
pa3OouBaeTcss ~ HMHTErpaJl HAa  4YacTH B 3aBUCUMOCTH  OT
MOABIHTETPAIBHOTO BHIPAYKECHUS ?
7. Kakum JEUCTBUEM MOKHO ITPOBEPUTH HHTETPUPOBAHUE?
8. CdopmynupyiiTe omnpeaeieHue OMNPEACICHHOI0 HWHTErpajlia u
YKOKUTE €ro  TEOMETPUYECKUH  CMBICH, MEXAaHUYECKUH U
OMOJIOTUYECKU CMBICIL.
9. IlepeuncinuTe OCHOBHBIE CBOMCTBA OMPEICIICHHOTO UHTETpaJIa.
10. Hanumure dpopmyny HeroTona-JleitOuuiia.
11. MeTo/bl BEIYUCIICHUS OIPEACICHHOrO HHTErpana.
12. Kakum 00pa3oM BBIYUCISETCS IUIONIAIL (UTYPHI C TOMOIIBIO
OTIPEICIICHHOTO UHTETpaJIa.
13. JlaiiTe onpeneneHne HECOOCTBEHHOT'0 HHTErpaia ¢ 0ECKOHCYHBIMHU
npejesaMu MHTerpupoBanus. [lpuBeauTe mpUMEphl CXOMSIIUXCS U
pacxoIsUXCa UHTErPAJIOB.

3.2. 3aganus Qi CAMOCTOSITEILHOTO PelleHusl.

Konmpo.avHas paboma No2 no meme
«Heonpeoenennwtit unmezpan).

Beruncants HCONIPCACIICHHBIC MHTCTPAJIbI:

3 2 _ dx _
1.a)j 8X —F-I—l dx; 6)‘[94——)(2,
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xdx

B) I cos(8x +1)dx; r) I 1) I6X cosxdx .

5x° +1
2¢oj@x2—¥§+2ﬁx; @jVF@i?;
4 — X
. x>dx .
B) [sin(7x +1)dx; r)j2x4+4j n) [4x-e”dx
3.a) [(x —4x +3Hx; 6)]160|XX2
+
5
B) Jsindzx7x : r) ji: f); 1) [2x-sin xdx.
4. 2 3_9 7jd ; 0 ax ;
a)j( X =g+ T X )| 2
dx 3x“dx
B)jCOSZ8X; r)Ix5+4; %) [3x-e"dx.
1 dx
5. a) j(?xz—?w)dx; 6)jX2_4;
3
p) [e"*dx; r) j)z(i(f;( 0 X In xdx
6 2 dx
. ———Xx/3 dx; ;
6 a)j(x N j X 6)Ix2—-25
dx X dx
B)12x—4f P)IG@-—3Y’ 1) [3x-cosxdx.
Za)j@xz—sx—4j7ﬁx; QJVFQSEJ
9-x
dx xedx N
B) '[1+4X’ r)j(l_zxg)z, ) I7X-8 dx.

8 dx
8. 2x4————~+5jdx; 6 :
a)j( 2 )I4——x2
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B) | cos(3x —8)dx;

r)_[
9. a) j(x5 —g—lx +4xjdx,

dx 3x dx
ezt Pl
10. ) j( x—lO)jx;

p) [e*%dx; r) | X dx

11. a) j(4x —%Jrlj
B) j7x+1 ;1) jx-'\/1+x2dx;

12. a) I(Bx —%—Zjdx;
B)I2x+ 2' r)sz~'\/2+x3dx;
13. a)j(§/§+7—6x2}jx;

B)J. dx _ F)I X dx _
sin26x’ Jo_x2'

14. a) I(WJr 7 —6x3)jx;

9 | dx o X“dx
Cos® x/6 J2-3x3

15. a) j(x —i—Wjdx;

X
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n) [8x:sin xdx.

n) | 2x-sin 8xdx.

Jx%—36

0 [2x* - In xdx.

dx
6)I\/S— X°




dr=rR

4
16. a) I(ZX —T—Fjdx
B) jthXdX; r) ‘[X |)r(1 X;

17.2) | (3X8 - % — x_28jdx;

3
B) jctg?xdx; r) j X

- 5x4—1;
2— X" —A~/X dx

18. a) | - dx: 6)jm;
H)jZ-?EIB; r)j8x2-xdx; 0 [3x -sin x/7dx.
19.2) [ 8- XX_ 2% gy 6) dejlz;

B) | 5—dX/18; r) | e coci);x’ 1) [9x -cos18xdx.
zoa)jSX j}gf 6)u8d_x—xz;
3)[6659§71§; r) [sin®x-cosxdx; n) [6x .e_;dx.

X _

21%. a)j fjfx 7d 6j4x oy
) [4%%dx X M | @dx n) [ (4x+5)e dx.
22*.a)j3 &;;X +5dx; 6)]4)( 2 g
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) f2x . cos5xdx.

6)[ :

X2 +7
1) [2x .e2dx.
6I 2_10'

1 [3x -sin 5dx.




. 1) [sinx-+cos®xdx;  x) [(2x +5)sin 4xdx.

B) |

cos’ x/6
tgx~/X — X° + 3
3*. dx; 0 ;
9 Jx )I9x _5
)J—' f eax 1) j(8x—1)cos6xdx
2-x/8 V1+3e” |
4 — x+3/XCOSX
24% 3) dx; 0)
I Ux j\/2x +7
p) [tg(x/4)dx; 1) | e"dx ; n) [arcsin 2xdx.
4 + %>
x +54xe* -3 dx
25%, dx; 0)| —5—;
0T AEwaer:
p) [ctg(x/2)dx; 1) | (1+5th) dx’ n [arctg2xdx.

COS X

Tunoeoit pacuem No2 no meme «OnpeoeteHHbLI UHmMeZPal)).

3aganueNel(a) - BBIUMCINTH ONPENEIICHHBIN UHTErpai 1o gopmylie
Hprotona-JIeliOHUIIAa ¥ TOCTPOUTH COOTBETCTBYIOIIYIO JaHHOMY
WHTETpaTy KPUBOJIMHEUHYIO TPaIEeIUIo.

3aganneNel(0) - BEIYMCIUTD ONPEECICHHBIM HHTErpal METOJA0M
3aMEHbI IEPEMEHHOM.

3aganueNo2. — BBIYHCIWTH IUIOMIA/Ib Y4YacTKa, OTPAHUYECHHOTO
JMHUAMHA. HalTh ypOKaHOCTb KYJIbTYPbl JAHHOI'O y4acCTKa.

3ananue No3 — BBIUUCIUTh HECOOCTBEHHBIN MHTETPAI.

No Homepa 3aganuii
1 2 3
1. 4 2 o0
. y=x"-3 ax
) [ 2xdx; V—dx—6 {xf’
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5) f xadx Slumenn — 1811/Ta.
NVX+1
3 2 o0
o) | 3xx y =3X+2 Je™dx
0 0
0) ji xax _ [Tmrenna— 131y/ra.
3 V1+X
6 2
_ y=x"+4
0] (e 3 y=4x+1 * dx
: J‘x + 2
0) f Xax . OBec — 20 1/ra. 3
1 VX+2
4 2 0
) [ (x+4)dx; ill;ixii [edx
2 —o0
; dx
0 . Kaprodemns-
: {x/x+1(\/x+1+l) 931y/ra.
2 > -
=Xx"-1 dx
a) [ (2x + 3)dx; ;//:_Hl [&
0 1 X
6)5' dx Puc — 25 n/ra.
o VX+4(Rx+4+3)
4 5 -
( y=X"+1 dx
a) | (2x +1)dx; oy j__
0 y=4x-2 3 Vx
T dx
6 - Cost — 9 1/ra.
)'Ox/x+5(\/x+5—1) o2
3 > ”
[ . y=Xx"+5 dx
a) | (2x +4)dx; y=x17 gu 2

0
6)? dx .
TVI—X(\9-x+2)

Poxnb — 101/ra.
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8. 4 2 o0
) y=X +1 X/2
a)£(2x+5)dx, V= x43 ge dx
0) I ax : Csexua — 190 1/ra
1 V2x—1(v2x-1+1) '
0. 6 2 0
y=X"-3 dx
a) | (3x+1)dx;
.[( ) y:—X—l _J;O(X +3)3
6) J' \/_ 1 Ceno — 221/ra.
+
10. 2 0
a) [ (2x + 2)dx y=x"+1 3%y
J( ) y=3X+5 _je dx
0) I \/; 1 SAumens — 191/ra.
11. _ 2 0
y=3x"+1 dx
a) | (83X + 2)dx; _
I( ) y=3X+7 '([3x+1
6) J‘ \/_ Poxpb — 1611/TA.
+3
12. 2 0
B _ y=3X"+2 dx
a>j(4 X)dX; y=3x+8 {2x—1
J’\/_ Osec — 19 1/ra.
X+2
Y afe- o y=2x [ 2
2 y=x"+4 S x=1
3eneHas Macca
TpaBbl — 1 1511/Ta.
14. ©

0
a) [ (2—3x)dx;

y=3x"+4
y=3x +10

J‘e—4x+ldx
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Cos — 10 w/ra.

0) .
J‘«/x+ 3+9
15. _ 2 o0
a)j(7—x)dx; Y =3X [
y=x"+3 04X +2
6) Im+4' Puc — 26 w/ra.
16. _9y2 2
a)j(x +3)dx; y =2x f
y=38 S 2X+4
0)
J.'\/ZX 1+16
Csexiia — 193 n/ra.
17. S 2 0
a)j(x2+4)dx; y=x | de
y=2x*-9 XS +9
£ /xdx
0) I T Poxb — 15 1y/ra.
18. — 2 o0
0 [6¢ +Dox: y="x+2 [
-1 y =X 4VX+4
T/xdx
0) j - Slumens — 2011/Ta
o X—1
19. 0 vl o0
a) [ (2 +2)dx y=x | 2xd
e y=-x"+8 Hx -1
6) ?&dx I 14
o 4 menuiia -14n/ra.
20. 1 _Ay2 5
) [ (X2 ~1)dx y=3x [
0 y=—X +4 —oo(X—4)2

Ceno — 25 1/ra.
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21%* 33 0.3

2
X", y=Xx"—4x+3 In~ x - dx
a)‘([?dx, y:X—l '([ X
m
0) J' M+4 Kaprodenp-981/ra
22% a)j—dxi y=x>-9x+18 T X - dx
y =8-2X 0 X% +1
0) I \W—F 9 : Sumens — 2011/ra.
23* =X 2 x?
3. y=X"-7x+12 X" - dx
. a)IZX dx; y=—2X+6 I G
0V1—
J‘ Cos — 11u/ra.
A VX+D +1
24* - y =x2—9x+14 ofarctgx . dx
a)J_ ' y=—2X+4 0 X2+1
6) J’ Ux 1 . CBekJia KOpMOBasi-
3/x 1_|_1 1931y/ra
25* I . y =2x% —6x—2 Of X - dX
| DI ® y=-x"+x-4 |3 (x2 - 4f
20 3
6) J‘ X+ 7 Puc — 25 m/ra.
X+ 7 +1

3.3. UToroBwblii TECT.

1. Kakue u3 nepeuuciennovix oynkyuii: a) x4 + 5;0) x* [4+1;6)
x* —/3; 2) 12 X3; 0) x*14-1 aeasmomesn nepeoodpaznviMu O
dynxuuu £ (X) =4x°:

1. 6,8; 2. 1; 3.aB; 4.1
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2. Yemy pasno evipasricenue j d (x3) :

1.xX34C:2.3x°+C:3. x*/4+C.

3. Humezpan J. —z pagen:

1 1 x©
15x+C2—+C3——C4—+C
X 4x* 6

4. ﬂjm KaKux uHmezpanoe nooxooum nodcmanoem t=x%+1:

1. j : arctgx dx: 3. j .4 j(x2+1)dx.

X2 +1
5. Ykaotwcume wuyenecooopaznyrww noocmamnoexky 011 uHmezpaia
dx
I otox _OX
cos? X
1.t=cosx; 2.t=e

x> +1

tgx 3.1 =1gX; 4. merona HE IOIXOINT.

. X
6. Ilepsooopasnaa arcsin — + C coomeemcmeyem unmezpany:

_ _ dx
1j25 X2 I25 x> j25+x2’ 4'1«/25—x2'

7. Unmezpan je8XdX paeen:
1.e¥+C; 2.8 +C; 3.1/8e°*+C; 4.e*+C.

8. (Dopmyﬂa uumezpuposaﬂu}l no gacmiiam umeem 3”0:
1 judv:u +v—jvdu; 2, fudv:u -v—jvdu;

3, judv:jvdu —uv.

9. B unmezpane _[ 2X°sin3xdX,  nmpumenss  memoo

UHMEeZPUPOBAHUA RO HaACmAM, 3a «U» u «dvy» depym credyrowue
8LIPANCEHUA:
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1.u=2x> dv=sin3xdx: 2. u=sin3x dv=_2x%dx:
3. U=4x dv=sin3xdx: 4 u=1/3sin3x dv=2x%dx

b
10. Onpedenennvim unmezpaiom J. f (X)dX nazvieaemces npeoen:
a
1 . n . 2 . n .
©olim 2 fla)Axe " lim D F0A?
max Ax; ->0j=1 max Axj >0j=1
1<i<n 1<i<n
3 i o - 3. i N
" lim 2 e )Ax” " lim 2 f(a)Ax
Ax —0j=1 Axj—0i=1

TAC a = xg <X <...< X, =b,AX =% —%_4,0; €[X_1;%]i=1..n.

11.Kakue u3 ¢uzyp sasnatomcesa KpugoiuHeuHiMu mpaneyuamu?

y“ yA
! L N,
a b x a b
yA yA
I) y B)
> 1 AT >
ok b X
A b 2 B.B. ?
3.B,[T. 4.BT.
2 dx
12. Boiuucaume unmezpan j -
X
1
1.-0,5; 2.2; 3.0,5; 4. 1.

78



3
13. Humezpan J. VX +1dX 6 pesynvmame noocmanoeku X +1=t

0
npeoopazyemca 6 uHmezpan:
2 3 2 3
1. 2[t%dt; 2. 2[t%dt; 3.2t%dt; 4. [tedt.
0 0 1 0
14. Kakoit unmezpan pasen niouiaou yKazaHHoi guzypol:
2 1
VA 1 [xdx; 2. [2xdx;
2177 0 0
1 1 X
3.jxdx; 4. j—dx.
> 0 0 2
0 1 X
dx
15.Yemanoeumo coomeemcmeue 1).[—
MeIHcOy HeCcOOCmBEHHbIMU 21 X a)Cxooumcst
UHmMezZpanamu u ux noeeoeHuem 2) j2xdx
cxooumocmu.
- q 0) Pacxooumcs
X
)Y
I

dx
16. Hnmezpan j —2 paeen:
X_

1.In|x—2|+C; 2.(x—2)*+C;
3.X°/2—-2x+C; 4.(x —2)%+C.

17. Beinoanums oeiicmeue d (ICOS XdX) :

1. sin X; 2.cosXx; 3.sinx+C; 4. cosxdx.

18. Yemy pasen umnmezpan If(kx+b)dx, eciu K — uucno, a
[f(x)dx=F(x)+C:

1.F(kx+b)+C; 2.kKF(kx +b)+C;
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3.%F(kx+b)+C; 4. —KF(kx+b)+C.

19. Cpedu nepeducCileHHblX unmezpaloe yKascume e6ce, Komopoie
GOIUUCSIAIOMCA C NOMOULbIO d)Op.Mlebl no wacmam:

1. jexzxdx; 2 jexxdx; 3, jcos2 xdx: 4. Ixz cos 2xdX.

20. Hnmezpaﬂsz In xdX pasen:
x3 3 3
1.2XInx—x+C; 2.§Inx+C; 3.2xInx+C; 4. 3Inx—9+C-

1
21. Humezpan I(ZXZ —2X— 7}1X paeen:

0
1.—71; 2.—82; 3.6%; 4.72.
3 3 3 3
7?2
22. Unmezpan j Sin 2xdX pasen:
0
1.1; 2.2, 3. -1, 4. 0.

23. Haiioume nnowadv ¢huzypul, ocpanuvennon aunuamu: Y=06X,
y=0, x=1, x=2:
1.3; 2. 6; 3.1, 4,9,

24. Ilhowaow ykazannou puzypul pagna:

2 2
4 1. —; 3. 2—;
2 , 3 3
y=—X"+ 4
o 2.~ 4.1
v=1 3
1
0 X 25. Hecobcmeennwvlii.  unmezpan
T dx
2 (3x +1)°

1. pacxonutcst; 2. paBeH 1; 3. pasen 1/3; 4. paBen -1/3.
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Nmasa 4. PYHKUUA OBYX NEPEMEHHbIX.

4.1. HeoOxonumblii TeOpeTHYECKUA MUHUMYM M MPUMeEPbI
pelleHusl TUIIOBBIX 3a/1a4.

Onpeoenenue hyuxuuu oeyx nepemennvix. I pacdux.
Oonacmo onpeoesieHu.

Onpeoenenue 4.1. llepemennas Z Ha3biBaeTcsi (QYHKIUEH [BYX
TIIEPEMEHHBIX X M Y, €CIIM KaXKIOH Mape NOIMyCTUMBIX 3HAYEHUM X U Y
COOTBETCTBYET €IMHCTBEHHOE 3HAUECHUE Z.

DyHKIHMOHAIBHAS 3aBUCUMOCTh obosHauaercs: Z = f(X;Y).
Onpedenenue 4.2. O6nactoio onpenenenns pyakuun Z = T (X;y)
HA3bIBACTCS COBOKYHNHOCTH Touek (X;y), B N

KOTOPHIX JaHHasg (yHKIMA OIpeseieHa, T.e. \\ y
IPUHUMAET NeHCTBUTE/IbHBIC 3HAUCHHSA. |

N
O6o3nauaerca D(f) .

['eomeTpuyecku 00JIaCTh OMNpPEACICHUS \

(GYHKIIMA JIBYX TMEPEMEHHBIX SIBIISIETCS WA BCS yZ y/\\ X
KoopauHaTHas mi1ockocth XOY, uim ee 4acTh.

Pucynok 12
I'pagpux hynxkyuu 08yx nepemennuix.

Ilycts nana pynkous Z = f(X;Y). B npamoyromsHOl cucTeme
koopaunatr OXYZ kaxmoit Touke (X;Y) e D(f)coorBercTByer ommo
snauenne Z = f(X;y). Tem cambiM ompemensercss ymopsaoueHHas
tpoitka umcen (X, Y, F(X;y))umm touka mpoctpanctBa M(X,Y,Z).
Takux TOYEK MOMKHO OINPEAEIUTh CKOJNBKO YIrOJHO MHOTO.
[peanonoxum, uto Touka (X,y) «mpoberaer» Bcro obmacts D(T).
Torma coorBeTcTByfomas Touka mnpoctpanctea M (XY, f(X;y))

Oy/leT ONHUChIBaTh B TMPOCTPAHCTBE HEKOTOPYIO ITOBEPXHOCTb,
Ha3bIBACMYIO epaghuxom hynkuyuu 08yx nepemeHHuvix (pucyHok 13).

Hpumep 1.
Haiitu o0nacth onpeaeneHus Caeayommux GyHKInu:
a)z=x2—2xy+6; ©6),_ 4 : Bz=+4-x2—y?;

X+y-1
r) z =In(4-y+3x%).
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Pucynok 13

Pewenue.

a) [annas ¢QyHkuus omnpeaeneHa Ha Bceil miockoctn  XOY,
cienoBarensHo, D(Z)={XOY}.

0) ManHas ¢yHkuua ompeneneHa, eciu X+ Yy-—1=0. OOnactero
OnpeJielieHusl SBJISIOTCS TOYKH, HeE JieXxamue Ha mpsmoir X+ Yy =1

(pucyHok 12).
B) JlanHast pyHKIMSA onpeencHa, eciau 4 — X% — y2 > 0 nmu
x?+y% <4

3anuiieM HCPABCHCTBO B BUIC YPABHCHUA X2

+y2:4-rpaHI/1na
o0JacTH  ONpeneseHus, KOTopas Ha IUIOCKOCTH  ONpENeIsieT
OKPY)XHOCTh C IeHTpoM B Touke O(0;0) wu pamuycom R=2.
OKpY)XKHOCTh JIeMUT BCIO IIOCKOCTh XOY Ha BHENIHIOIO U
BHYTPEHHIOIO €€ 4YacTu. JlJisi omnpenesieHUsi Kakas 4YacTh SIBIISIETCS
00JIaCThIO OMpeJeeHUsI BO3bMEM JI00YI0 TOUKy, Hanpumep O(0;0) u

MOJICTaBUM B HEPaBEHCTBO 4-x%— y2 > 0. [Tomyuum
4-0-0>0=42>0- ucrunno.

Touka O(0;0) npuUHAIICKUT
BHYTPECHHEH YaCTH OKPYKHOCTH, y
CJICTIOBATEIIHHO 00JIACTHIO OTIPEICIICHUS
JTaHHOM (PYHKIIMH SIBJISCTCS KPYT U €ro
rpanuna (pucyHok 14).
3ameuanue 1: ecnu rpaHuIa -2 2
IPHHAIJICKUT 00JIACTH OIIPEICICHUS,
TO €€ U300paKaroT CIUIOITHOMN JTUHUEH,
€CJIA HET TO NYHKTUPHOU. B Halem Pucynok 14

v
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CJIy4ae JUHHUS CILUIOLIHAS.
r) Jlannas QyHKUMS OmpejesieHa, €CiH

1 BBIp@&KEHHE TMOJ 3HAKOM Jjorapudma

! g MONOKUTENBHO, T.¢. 4 — Y +3X% >0 win
‘ y<4+ 3x?. Takum o0pa3oM rpaHHIiei
< \Z obnactu onpeneeHus SIBIISICTCS
X; napaboma Yy =4+ 3% ¢ BEPIIMHON

0 (0,4), BerBu  BBepx. OOmacThIO
Pucynox 15. ompeacneHus  QyHKIIUA  SBJISIOTCSA

TOYKH, JICKAIlUEe BHYTPU MapadoJIbl
(pucynok  15). TI'panmna obnactd  OpUHAJICKUT  00JIaCTU
OTIpeIeJICHUS.

Yacmnuote npouszeoouvie | u |l nopaoxa. luphepenuuan dhpynxkunuu
08VX NePEeMEHHbIX.

Onpeodenenue 4.4. Yactnoii npoussoaunoii pyrxkuuu Z = f (X;y) mo
IIEPEMEHHONM X  HA3bIBAaeTCs  MNpelael]  OTHOIIEHUS  9acTHOIO
npupaileHus GyHKIHUH [0 IEPEMEHHOM X K IPUPAIIECHUIO apryMeHTa
AX, ipu ycnosuu, uro AX — 0.

oz Az . F(X+AXYy)-f(Xy)

=|im (4.1)
aX Ax—0 AX Ax 50 AX

Taxkum o6paszom, yacTHoM mpousBognoi Gynkuun Z = f(X;Y)
0 TEPEMEHHOM X HA3bIBAETCHA TPOU3BOAHAS JTOW (YHKIMHU TIpHU

Y4 !
TIOCTOSIHHOM 3HAYE€HUH MepeMeHHOi Y (0003HadaeTca — WUiu Zy).
X

AHAJIOTUYHO ONpENENsIeTCs 4YacTHAas NPOU3BOJAHAA (QYHKLUHMH II0
IIEPEMEHHOM Y.

0z Az f(x,y+Ay)— f(x,
—=lim——=1im .y +Ay) = T(x.y) (4.2)
ay Ay—0 Ay Ay—0 Ay
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Takum ob6pa3oM, yacTHOM mpoussoaHoil pynkmun Z = T (X;Y)
M0 TMEPEMEHHOM Y Ha3bIBAe€TCsl MPOW3BOJHAS ATON (PYHKIMU MpuU

0z -
MTOCTOSIHHOM 3HAYC€HUH MepeMEeHHOM X (0003HaYaeTCss — WIIN Zy).

oy
Onpeodenenue 4.5. TlonaeM mudpepennmanom pynxuun Z = f(X;y)
HA3BIBAETCS BHIPAKEHUE BUJIA:

Z Z
dz = Zax+ % gy 4.3)
OX oy
Jns HaxoxaeHus mnoiHoro auddepeHnrania B HEKOTOPOW TOUYKE
0z 0z
M(X;y), — ® — BBIUHCJISIOT B 3TOH TOYKE, T.€.
0z 0z
dZ‘(x;y) = &‘(x;y) dx + @‘(x;y) dy (4.4)

Ipumep 2. HaWtu d4acTHble NPOU3BOAHBIE MEPBOTO IOPSAIKA
CJIeNYIOMMX (QYHKITUHA:
X

) Z=X+Xy+ V> —7;6) z=+/x+4y; ) z=In(x-y?)—¢eY.

Pewenue.
a) z:x2+xy+y3—7

YA
Cuurasa Y NOCTOSIHHBIM, ITOJIYYUM: 2_ y—nocm. = =2X+1- y + 0=2x+ y
X
Cuurast X HOCTOSHHBIM, HOJIYUHM: oz — Y. 2_0= 2,
, oIty oy xnoen =X-1+3y“-0=x+3y

) Z=+X+4Yy - pyHKuMs croxHas.
1 :
‘y nocm _21/x+4 2./x+4y

4
_7.4:i.
2 /X+4y 2/X+4y

X

B) z =In(x-y?)—eY- cyMMa IBYX CIIOKHBIX (DYHKITUN.

82 ‘
ay X—nocm.
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0z 1 2
El oo =——1-y2 —¢Y
ox |y —nocm X 2 y

X X
gx = 12.X.2y _eg. _LZ :E+l2.ey.
(’5‘y —nocm. X-y

Ilpumep 3. Bpruucaurs noaHbll — auddepenuuan  GyHKIUHA
z=x*-2x%y? +y B Touke M(1;2).
Pewenue.

Jns  HaxoxaeHuss 1nonHoro auddepenimana QyHKIUU

z=x*- 2X2y2 +Yy BTouke M(1;2), Bocrionmezyemest hopmyoii (4.3).
Haiinem yacTHbIe TPOU3BOAHBIE:

oz 2. 0z

OX ‘ y—nocm. ! X—nocm.

= 4x3 — 4xy — _4x%y +1

BbI4yrciiiM 3Ha4YeHHsI YaCTHBIX MTPOU3BOAHBIX B Touke M(1;2):

% (1;2). :4-13 _4-1-22 =12 % ©:2) :_4.12 241=—_7.

CoruacHo gopmyiie (4. 4), monyuum: dz =—12dx —7dy.

Yacmmuwie npouszsoonvie |l nopsoxa.

0z 0z

YacTHble TPOU3ZBOJHBIE — U —— SABJISIOTCA (PYHKIUSMHU
OX oy

nepeMeHHbIX X u Y. [loaToMy OT HHMX MOXHO HAaXOJWUTh YacCTHBIC
MIPOU3BOAHBIC, KOTOPHIE HA3bIBAIOTCS YaCTHBIMU MPOW3BOIHBIMU I
nopsiaKa.

YacTHbix mnpousBojaHbIX |l mopsiaka oT (QyHKIUM ABYX
MEPEMEHHBIX YeThIpE, OHU HAXOMAATCA U 0003HAYAIOTCS CJICAYIOITUM
o0pazoMm:

0%z |

F = Z,, - 31€Chb Z T PepeHIpyeTCs JBa pasa 1o X;
X

0%z

~— =17, " 3/ICh Z nuddepeHmpyeTcs ABa pasza 1o Y,

oy
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0’z B
OX oy
pe3yabsTat qudPepeHIupyoT 1o Y.

2
832 :Z;x - 31ech Z auddepeHnupyeTcs CHadajia mo Yy, a IOTOM
X

pe3ynbTat 1udpepeHIupyroT 1o X.

Z,, ~ 3A€CH Z maddepeHupyeTcs cHavdaja mo X, a ImoTom

IIpumep 4. BeruucinTh 4acTHbIE TPOU3BOJHBIE BTOPOTO MOPSJIKA OT

bynkumn z = x*-y+e* -y

Pewenue.

Halinem gyacTHble TpOXU3BOAHBIE IEPBOTO MOPSAAKA:
0z 3 x 2. 0O 4 X
&y—nocm. = 4X Y+€ Y lxnoem =X +2e” - y -

[TocienoBaTenbHO HAMAEM YaCTHBIE POU3BOAHBIE BTOPOTO MOPSIKA:

2 . 2 .
oz :(4x3y+exy2)X =12x°%y +e*y?; % —(x4 +2exy)y =2¢e%;

ox° 2
2 . 2 .
oz _ (4x3 +e"y2)y = 4%> + 2e*y; oz _ (x4 + 2ex)x = 4x3 +2e*y -
oX oy OyoX
s o 0°1 0°1
puMepa BUAHO, YTO CMCIIAHHBIC IIPOU3BOIHLIC J51
OX oy oy OX
paBHEL

CrpaseqnmBa cieayromas Teopema: ecinu GyHkuus z = f (x;y) u
e¢ dYacTHhIC TPOU3BOIHBIC ONPEICICHBI W HENPEPHIBHBI B TOYKE
M(X;y) ¥ B HEKOTOPO# €€ OKPECTHOCTH, TO B 3TOM TOUKE:

o’z _ 01
OX oy 0oy OX

Ixcmpemym hyHKuuu 08yX nepemeHHblx.

Onpeoenenue 4.5. Ilycte QyHKmus z=f(x;y) omnpeneneHa B

HEKOTOPOH OKPECTHOCTH TOYKH (Xg;Yo). loBOpsAT, dYTO (QYyHKIUS
z=f(x;y) umeer B TOouke (Xo;Yo) MaKCUMyM (MHHHMYM), €CIU IS
Bcex ToYeK (X;y), mocrarodHo Omu3kuX K (Xo;Yo) BBINOJHSACTCS
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nepasenctBo (X Y) < (X ¥o) (F(Xy)> f(X:¥o)) Torma touka

(X0;Yo) Ha3BIBACTCS TOUKOM MaKcumyma (MUHUMYMa).

Toukn MakcumMymMa ©M MHHHMYMa Ha3bIBalOTCS  TOYKaMH
IKCTPEMyMa.

Husa  uccnenoBanus (QyHkuuu z= f(X;y) Ha DKCIpEMYM,
HEOOXOJMMO BBINOJIIHUTD CIIEAYIONINE NECHCTBHA:

. 0z oz
1) Haiith YacTHbIC NPOW3BOJHBIC IIEPBOrO IOpsSJIKA —HW -,
oX oy
@ _g
MIPUPABHSATH UX K HYJIFO U PEUIUTh CUCTEMY YPABHEHUIM: gx
z
-0
oy

Kaxmass mapa IEeMCTBUTEIBHBIX KOPHEW 3TOM CHUCTEMBI OMNPEACITACT
OJIHY CTAIMOHAPHYIO TOUKY HCCIeAYyeMOM (DYHKIIUH.

ITyctb Py(Xy;Yo)- OfHA M3 CTALIMOHAPHBIX TOYEK.

2) Haiinem yacTHbIC TPOU3BOIHBIC BTOPOTO MOPSIKA
0°z. 8%z . 0%z
ox2 ox oy oy?

TOYKE.

W BBIYUCJIIMM HUX 3HAYCHUS B K&)I(I[Oﬁ CTaHI/IOHapHOfI

2 2 2
ITonoxumMm, 4To: A:azpo; B 0"z 87

Z
ox2 X oy oy2!fo

2
3)CocraButh 1 Beruncauth guckpumunanr: D = AC — B”.
Eciu B ricciieryeMoii ctaliioHapHOM TOYKe Py (Xy; Vo)

bt C=

1. D>0, to dyukuust z= f(x;y) B 9TOH TOYKE UMEET IKCTPEMYM,
npudeM eciiu A > Omuanmym, npu A < 0 makcumym.
2. D <0, 1o B nccnenyemoii Touke sKCTpEMyMa HeT.
3. D=0, 1o BOompoc 06 dKcTpeMyMe TpeOyeT MOMOIHUTENEHOTO
UCCIIETOBAHUSL.

4) BerayucauThb 3HaueHUE (YHKIIMHA B TOUKE SKCTpEMyMa.

Ipumep 5. lana dyHkuus Z = —x? — Xy — y2 + 6X — 4, uccinenoBarhb
JAHHYIO0 (PYHKIIMIO Ha SKCTPEMYM.
Pewenue.
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YroObl ucclienoBaTh  JAHHYHO  JBaXAbl  IU(dEepeHITUPYEMYIO
GYHKIMIO HA DKCTPEMYM HEOOXOAMMO BBINOJIHUTH CIEAYIOIIHE
JIEUCTBUA:

o 0z 0z
1) Hakinem d4acTHblE NPOM3BOAHBIE MEPBOrO IOpSJAKA, —U —

X oy
NPUPABHATH K HYyJII0 M PEIIUTh CHCTEMY YPaBHEHHH, pellleHHeM

KOTOpOfI ABJIKOTCS CTAHMOHAPHBIC TOYKH

g=—2x—y+6; az:—x—Zy-
OX oy
(82_0
ox —-2X—-Yy+6=0 4y —y=—6 3y=-6 y=-2
] = = = =
a_, —x-2y=0 X=-2y X=-2y X =4

CnenoBatenbHO, 3aJaHHas  (PYHKIMS  UMEET  TOJBKO  OJHY
cTarroHapHyo Touky P(4,-2).

2) Haitnem yacTHBIE ITPOU3BOHBIE BTOPOTO MOPSAKA U UX 3HAYCHUS B
CTAlMOHAPHOU TOYKE

a_, e 0

Ox* OXdy oy*
YacTHbIe TPOM3BOIHBIC BTOPOTO MOPSAIKA HE 3aBUCIT OT MEPEMEHHBIX
X W Y, CIeIOBaTEIbHO, MOCTOSHHBI B 000K Touke. Iloatomy mis
touku P(4,-2) umeem
A=-2;B=-1;,C=-2.
CocTaBHM M BBIYHCIINM JHCKPUMUHAHT:
D=AC-B*=(-2)-(-2)-(-1 =3
Hns nansor pynkumun D > O0u A<O, cnenosarensro, B Touke P(4,-2)
UMEeM MaKCHMYM.
n) Haiinem 3HadueHue QyHKINM:

Zom =2(4-2)=—(4%)—4-(-2)—(-2)* +6-4—4=8.

—2.

Bonpocwt 0n1a camonposepku.
1. Jlaiite ompeneneHue (pyHKUMH ABYX MEPEMEHHBIX, €€ o0iacTu
onpenaeneHus. ['padpux QyHKINM ABYX NEPEMEHHBIX.
2. OmpeneneHue YacTHOM MPOU3BOJHOW  TEPBOTO  TMOPSIKA
GyHKIMM  ABYX TEPEMEHHBIX 10 JIIOOOMY U3 HE3aBUCUMBIX
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nepemeHHbiX. CdopMynupyiTe mnpaBuiia HAXOXKIACHUS YaCTHBIX
MPOU3BOAHBIX MEPBOTO MOPSJIKA.

3.  Onpenenenue  noiaHoro  auddepeHnpanra ©W  MOJHOTO
npupaiieHus GyHKIUU ABYX MePEMEHHBIX ?

4.  JlailTe onpeneneHne YaCTHBIX MPOU3BOIHBIX BTOPOIO MOPSIKA U
chopMyupyiiTe mpaBuUiia UX HAXOXKJICHUS U TECOPEMY O PABEHCTBE
CMEILIAHHBIX MPOU3BOIHBIX.

5. JlaiiTe ompeneneHue TOYEK MAKCMMyMa M MUHUMyMa s
dbyukiuu AByx nepemeHHbIXx. CdhopmynupyiiTe HE0OXOIUMOE U
JOCTaTOYHOE YCJOBUS CYUIECTBOBAHMS TOYEK OKCTPEMyMa IS
GyHKIMM IBYX MTEPEMEHHBIX.

6. CdopmynupyiiTe mMpaBWIO HAXOXKJICHUS TOYEK SKCTpEMyMa JJis
GyHKIMM IBYX TTEPEMEHHBIX.

4.2. 3axaHud 1J1s1 CAMOCTOSITEJIbHOIO pPelIeHus.

Koumpononas paboma paooma No2 no meme:
«DVYHKUUA 08YX NEePEMEHHBIX)

3aganueNel — HaiiTu 00nacTe onpeneneHus GyHKUUU z = f (X;y).
3aganueNe2. — naHa ¢pyHkuus z = f (x;y). Hadtu:

a) moaueli nuddepennuan B Touke P;

0) 4acTHBIE TPOU3BOJIHBIE BTOPOTO MOPSJIKA.

3aganue No3 — HaiiTu 3KkCTpeMyM yKa3aHHOW (PyHKIIUH.

No Howmepa
3alaHuil
1 2 3
1. - 1 a)z=x2+3xy—y>+2 z:x2+4y2+l
x=2y 6) z=~/x+3x"y - y*
P(1;3)
2 1 a)z=x>+2xy—y>+1 z=x°+xy -1
2x—y 6)z=tgx +x°y+siny —1
P(0;0)
3. 2= 32 a)z=2x>—xy—y> -7 z:x2+xy —4
X—2y 6)z:ex—3xy2+iy4+7
P(0;2)
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:x+y—7

a)z=x*+xy?+2y +3
6)z=ycosx +x°y—y°-8
P(0;3)

z=-x*+2xy +10

Z=.X-Y

a)z=3x+2xy’ - y*+5

6)z=ylnx —8x*y’ +%
P(1;-2)

z=x2+2y2—5

Z=,2x-y-1

a)z = X° + 3Xy — y3+2
6)z =X /3+4xy? —3Jxy’
P(1;-2)

z:x2+xy +y2—2x—y

Z=\X—-2y+3

a)z =—4x° +10xy —16y —8
6)z=ye¥ +9x’y —4y*
P(0;-1)

Z=X>+Xy +Yy>—2x—Y

a)z :—5xy3 —8x2 +7y
6)z=y’sinx +x’y—4y°x* -8
P(0;3)

Z=X>—9xy +Yy°+2

a)z =/x +3x*y —y*

6)z=Inx —8x*y? + X iax-3
y
P(1;-1)

z7=3-2x°—xy —y°

10.

a) z=x3/3+4xy* —3y3
0)z=tgx +x’y+xsiny —1

P(0;0)

z:x2+2xy —y2+4x

11

a)z=2x%y* +2cosy —3xy+6
0)z=2y%* -3xy’ +%y4x+7y
P(0;2)

z=x?-3xy +y>+8

12

a)z=e" —3xy’ +4x*y* +7
0) z=4x y* +3x’y+x’siny -1
P(0;2)

z:x2+5x—y2+4y

13.

a)z=cosX +X°y—y>—8
0) z=ye™ +4x’y —4y*-2x
P(0;3)

7=3x%+2y? —xy

14

a) z=4e* —3x2y? +4x y* +7
0) z=2Jx+1+3x°y+x’siny -1
P(0;0)

Z=x°+2xy +3y?
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15,

a) z=2e"—5x2y’ +Xx y* +2

0)

z=3Jx+2+3x%y° +x2siny —3x
P(-1;0)

Z2=3x>—Xy +X+Y

16.

a) z=2x y+3x’y+siny -1
6) z=e*"Y +9x%y —4y*
P(0;0)

z:—x2+xy —2y2+x+y

17

a) z=Inx +x*y+xcosy —2y

6) z=/x+2y —3x y? +7x
P(1;2)

z=3x2+3xy+y2—6x—2y

18.

a) 2=2x y*+x°y+ysinx —5x
6) z=In(x*+y)—6x°y* -9
P(-1;0)

z2=—Xx> +3xy —4y? + 4x - 6y

19,

a) z=3x"y? + X’y +ycosx—2y

6) z=e +cosx+./y
P(0;1)

Z=x?+2xy — y2 + 6x —10y

2.

a) z=7x*y° —x’y +Xcos y — 2X
6) z=3"Y +y3 —axty

2=3x%+5xy+3y° +X-Y

21%,

P(0;3)

a) z=2y%e™ -2x’y —4y*-5x
6)z =sin?(3x +4y) +~/x
P(1;0)

z=-x>—y?+8lx+4y

22*,

a) z=2x’e¥ -2x’y°® —4x* -5y

6) z=cos*(2x—2y)—Iny
P(1;1)

z :x3—3xy+ y3+10

23

a) 2=2x"y" -3x°y + ycost—%

6) z=Inx* +y? +e*

P(0;1)

Z=x>—6xy+2y>+9

24

a) z:%x5y3+x2y+ ysin3x —2x

3

z=2x3—xy+y?+5x>
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6) ; _gsincry) . 1

Jy
P(-1;1)

25

, In(x? + y) a) z=2x y®+3x%y+x*sin5y —3x Z :x3_6xy +2y3+9

y—-x -1 6)z=ar(:tgi—lnx
P(1;1)

4.3. UToroBbIii TECT.

1. Obnacmuro onpedenenusn yHKuuu 08yx nepemeHHbvIxX

z = f(Xx;y)aenraemca:

1. MHOXKECTBO 3HAYCHUH X, MPU KOTOPHIX (DYHKIIHSI UMEET CMBICIT,;

2. Ha3pIBaeTCS COBOKYIIHOCTh TOYeK (X;¥), B KOTOPBIX JaHHAs
(GYHKIAS TpUHAMACT ACHCTBUTEILHBIC 3HAUCHHUS;

3. MHOKECTBO 3HAYEHUM Y, IPU KOTOPHIX (PYHKIIMS UMEET CMBICI;

4. MHO>XECTBO 3HAYCHUM Z, B KOTOPHIX (DYHKIIHS OMpeaesicHa.

0%z
OX oY
0eyx nepemennvix Z = f(X;y)Haxooumcs cnedyromum oopazom:
1. z mudpepenmupyercs aBa pasza 1o X;

2. 7 nudpepeHnupyercs aBa pasza 1o Y,

3. Z nuddepeHnupyeTcs cHavaza 1mo Y, a IoTOM pe3yIbTaT
nudbepeHIupyoT 10 X;

4.z nuddepeHunpyeTcs cHavaua 1o X, a IoToM pe3yiabTaT
nudhepeHIpyoT 10 Y;

2. Yacmnaa npou3eo0Has 6mopozo nNopaoKa om (ynkuuu

3. Coznacrno nHeo6x00uMOMy RPUHAKY CYULECMBOBAHUA MOUEK
IKCIMPEMYMA, CHMAUUOHAPHOU MOYKOU 014 (QYHKyuu 08yx
U2 2
nepemennvix 7 =X~ + Y~ — X aenaemca mouka:
1.0(0;0); 2.M(1/2;1/2); 3.M(1;1) 4. M(1/2;0).
2 2

4, Ecnu D=AC—BZ,20eA:aZP . B= 0"z ZP,

axz 0 5X ay ayz 0
mo mouka Py(Xy;Y,) A6AeMCA MOUKOU MUHUMYMA RPU YCIOGUU:
1.D>0,A>0; 2.D>0,A<0; 3.D=0; 4 D<O.
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5. QOobnacmoio onpedenenus Qynkuyuu 7 =./Y—X—2 aensemcs
cnedyruiee 2e0MempuidecKoe MHOICeCHE0 mouex:

PEOE 46

1. 2.

v

6. Yacmnuas npouszeoonan % om ynkuuu 7 = 4x> —3xy® + 4y*> + 6x
X

pasHa:
1.3y° +6; 2. 8x—6xy +12y% +6; 3. —6Xy +12y?; 4. 8x—3y? +6.

a
oy

[.Hacmuasn npou3600Han om dynkyuu

7 = 4x°2 —3xy2 + 4y3 +6X pasna:
1. 3y? +6; 2. 8x—6xy +12y2 +6; 3. —6xy +12y?; 4. 8x—3y” +6.

8. Hoanwiii ougppepenyuan pynkyuir 7 = f (x;y) pasen:

1. dz:ﬁdx+$dy; 2. dz:@dx+@dy;
dx dy OX oy
3. dz:gdx-gdy; 4, dz=@+g.
OX ox oy
9. luchpepenyuan pynkyuu 7 = XY evtuucnsiom no gopmyne:
1. dz = yxYAx + xIn xAy; 2. dz = x" Ax+ xV Ay,

3.dz=yx Ax+xY InxAy: 4. dz = yxAx + xIn xAy.

2
10. Yacmusie npouseoomusie emopozo nopaoka 97 2’ om

ox2 oy?
dynxuuu 7 =5x>y —4y* +7xy —2xy° + Xx—6y +2 coomeemcmeenno
paenul:
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1.10-6y%; —8-12xy; 2.10-6Yy%; 7-12xy;
3.10y; —8—12xy; 4.10x+7-6y?; 10x+7 —6y?

11. Jlana ¢yukuyua 08yx  nepemeHHblX z:«/2x3+y2.

Ycemanosumov coomeemcmeue medxncoy 4acmHwvimu npou3800HbIMU U
UX 8bIPAMCEHUAMU 01 IMOU PYHKYUU.

3 2

X
\2x3 +y?
1
0z 6)
1)& 2./6X% +2y
2
X

a)

o

6)
2 \6X% +2y
2) Y
V2x3 + y2

2
12.9acmmnas npouseoonan °2 om gynxuyuu
OXoy

z=2y? + xIny—y3cosx +8xy — x paBHa:

1. 4y+§+2ysin X+8y—-2x; 2. yZCOSX—Z;
y

3.1+2ysinx+8; 4.4—%—2005x-
y y

13. Ecau mouka Py(Xy;Y,) A614aemca cmayuonaproi moukou, mo

CO2NIACHO 00CMAMOUYHOMY NPU3HAKY CYULeCIBOBAHUA IKCHPEMYMA
dynukyuu 08yx nepemMeHHvIX OUCKPUMUHAHM 6 IMOU MOoUKe

eviuucanaemces no gpopmyne: D = AC — B2, mozoa napamempot A,B,C
GLIUUCAAIOMCA CIEOYIOULUM 00PaA3oOM:

822 . @22 . 622 .
FAs gl By o ln el
2.0.02 2 o 02
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822 . 622 . 622 .
3'A:72 Polei‘Poicziz PO’
OX oy oOx oy
&%z . 8%z, .. 8%
ox ox oy oy

14. Ixcmpemym pynkyuu 7 = X2 + Xy + y2 —3X—06Y aensemca:
1. Zux =9; 2. Zmin =—94; 3. Zyin =—1; 4 Zyux =9.

'masa 5. AUPPEPEHLUUWAIIbHbIE YPABHEHUA.

5.1. HeoOxoauMblii TeOpeTHYECKU MUHUMYM U
MPUMEPbI pelieHUus] TUIOBBIX 3aaHUI.

OcHoeHble ROHAMUA U ONPeOe1eHUA.
Judpepenuuanvunvie ypaenenus | nopsaoka.

Onpeoenenue 5.1. JluddepeHnmaibHbIM ypaBHCHUEM Ha3bIBACTCS
ypaBHEHHE, CBI3BIBAIONICE HE3aBUCUMYIO TMEPEMEHHYIO, (DYHKIHIO U
¢¢ MPOM3BOJHEIC PA3IMYHBIX HOPSAKOB(HIH AUGPEPSHINAIBI) dTOU

GyHKIMH.

B 001iem Buie 0003HayaeTcs:

F(X,y, Y,y

y™) =

Tpumepst: a) X2sin y = y'cosx; 6) Y +3y' —5=0;5) y” =4x°.

(5.1)

3

Onpeoenenue 5.2. Hauppicuivii TOPSIIOK MPOX3BOIHOM, BXOAIICH B
ypaBHEHUE Ha3bIBACTCS MOPSAKOM U PEepeHIINATBHOTO YPaBHEHUS.

B nmpumMepe nMmeeM ypaBHEHUS CIEAYOMNX HOPSIIKOB:

a) mIepBoro; 0) BTOPOro; B) TPETHETO.
Onpeoenenue 5.3. Pemenuem nuddepeHIUaNIbHOTO ypaBHEHUS
Has3bIBaeTcs Takas audpepenuupyemas pynkuus Y = @(X), koropas

IIpH MOJICTAHOBKE B ypaBHEHHUeE (5.1) oOpaimiaeT ero B TOXAECTBO.
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Paccmotpum nuddepeHmanbuble ypaBHEHUST TIEPBOTO MOPSIIKA,
T.€. YDABHEHUE BU/JIA:

F(X,y,y)=0 (5.2)

wm Y = f(X,y).
Mpumepst: Y =2Xx° +y; (Xx+1)dx =In ydy.
Onpeoenenue 5.4. OOmuMm pemienneM  audPepeHIIHATHEHOTO
ypaBHeHus nepsoro nopsaka Y = T(X,Y) HaseBaerca QyHkims
y = @(X,C), obnagaromas CleayoIEMH CBOMCTBAMM:
a) ABISETCS PELICHUEM JAaHHOTO yPAaBHEHHS IIPH JII0ObIX 3HaueHUAX C;
6) mis moGoro wHayanbHoro yciosus Y(Xp) = Ygcymecryer

COAMHCTBCHHOC  3HadueHHe, C=Cy mOpum KOTOPOM  pPCHICHHUE
y= (D(X, CO) YAOBJICTBOPSICT 3aJaHHOMY Ha4yaJbHOMY YCJIOBHUIO.

Onpedenenue 5.5. Besxoe peenne, Y = @(X,Cy),H0nyueHHoe 3
obuiero pemenns Y = @(X,C) npu onpeneneHHoM 3HaueHun C = C

Ha3bIBAETCS YACTHBIM PEIICHUEM.
Onpeoenenue 5.6. 3amada, B KOTOpPOHl TpeOyeTCs HAWTH 4YacCTHOE

pemenue ypasaenus Y = f(X,Y), ynosnersopsronee HauaibHOMY
yenosuwo Y(Xg) = Yo, HasbiBaetcs 3anaueii Ko,

Tunwot ouchhepenuuanvrvix ypasnenui nepeozo nopsaoKda.

1. Jugppepenyuanvhvie ypasnenus ¢ pazoensiiomumMucs nepemeHHblMU.

YpaBHeHuUs BHJIA:

f1(X) ()dX + 15 (X)@, (y)dy = O 53

Wi y, = f(X)(D(y) Ha3bIBAaCTCsl ypaBHEHUE Oughghepenyuanvhvlm  ypasHenuem ¢

pasbeﬂﬂmmumuc;l nEPEeEMEeHHbIMU.

B pesynbraTte neienus ncxomgHoro ypaBHeHus (5.3) Ha f2 (X)(Dl(y) IIOJIyYUM ypaBHEHHE

BHJA: fl( ) dX + —— ¢2 (y) dy 0 [IpounTerpupyeM 00 YacTH TOJYYCHHOTO YpaBHEHUS
f5(x) o (Y)

J‘ M dX + I ¢2 (y) dy C , KOTOPOE | OTPEACIISICT PEIICHNE UCXOTHOTO YPaBHEHHUSI.
f5(X) o (Y)
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3ameuanue: ecnu B pelieHuM QYHKUMs Y BbIpaxeHa sBHO (Y = gD(X,C )), TO UMeeM obriee
perieHue; ecii (GyHKITHS Y BhIpakeHa HESIBHO ((D(X, y,C ) =), To umeem obIIHil HHTErpaL.
Ipumep 1.

2 —2X
Haiiti o6mee pemenue nuddepenuuansaoro ypapaenns COS de =€ dy .

Pewenue.
2, —2X dx d
Paznenum o6e yactu na COS ye , TIOJTy9UM: = y

e 2X  cos’y
[Ipounterpupyem o0e 4acTH YpaBHEHUSI: Iezxdx = J. d—};’ MOy IUM
cos”y
1
E 62X = tgy ~+ C - o6mumit nnrerpan.
Ipumep 2.
'
Haiitu yacTHOe pelleHue ypaBHEHUS y e y = 0 MIPU 33JJaHHBIX HAYaJIbHBIX YCIOBUAX
X+1
y(3) =1
Pewenue.
y' - y = 0 = y’ = — y, BBIpAa3MM TPOU3BOAHYIO uepe3 auddepeHImaisl
X+1 X+1
,_dy
MEPEMEHHBIX y = d— ¥ YMHOXXHAM 00€ 9acTH YpaBHEHHUS Ha dX , IOTY4YUM;
X
d 2
dy - de, Jajiee pa3aciIuM IIEpEMEHHEIE: —y - dX.
X+1 y Xx+1
d 2
Wnrerpupyem o0e  vacTu: —y = —dX = In‘y‘ = 2 In‘X +1‘ + |n‘C , A

y x+1

YIPOLICHHOTO MPEICTAaBICHUs 00LIero pemeHus NocTossHHy0 C BRIpasHiu depes3 In ‘C‘ . Ilpumensis

CBOWCTBA JIOrapu(PMOB YIPOCTHUM MOTYHUEHHYIO (DYHKLIUIO

|nM = In(‘x +1‘2 . C‘) — (X +1)2 - C - obmee pemrenue.

Haiinem wuacTHOe perieHue, JUis 3TOrO TMOACTaBUM B oOINee pelleHHe HavyalbHbIe YCIOBHA

1
y(S) = 1, ITOJTyYMM: 1 = (3 + 1)2 -C=>cCc= E [ToctaBnss nmomyuenHoe 3HaueHue C B

2
obmwee pemenue, Haiinem Y = — (X + 1) - 4aCTHOE pelIeHHE.

2. Jluneiinvie oughghepenyuanvhvie ypasHeHus nepeozo NopsaoKa.
ypaBHCHI/Ie BHUaa:
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y' + P(x)y =Q(X)

rac P (X) u Q (X) HN3BCCTHBIC (bYHKHI/II/I OT X, Ha3bIBacTCA JIMHCHHBIM.

(5.4)

Bynem wuckate pemenue ypaBHeHus (5.4) B BHAE MpoHM3BeNEHHS ABYX (DYyHKIUH y =u-Vv,

rora Y =U-V+U-V.

HOI[CTaBI/IM OTH BBIPAXKCHUA B YPABHCHUC!
u-v+u-v+PXuv=0Q(x) =u’-v+u(Vv + P(X)v) = Q(X).
[TommydenHoe ypaBHEHHE PaBHOCWIBHO cucTeMe auddepeHnranbHbIX YpaBHEHHN C Pa3IeIOIIAMUCS

V'+P(X)v=0 (1)
u-v=Q(x) (2)

Pemas ypaBuenue (1), maiinem ¢ymkmmio V 1 moacraBuB eé B ypaBHeHHe (2), BBIpa3uM
dynxmuro U . Pemenne cucTeMsl 103B0JTHT 3aMicaTh pemieHie HCXOIHOTO yPaBHEHHS: y =u-V.

IIEPEMCHHBIMHU:

Ipumep 3.
Haiitu obmee pemenune (o0muit naTerpan) anuddepeHInanbHbIX YPaBHEHUH TIEPBOTO MOPSIIKA.

, 1
Y — yctgx = —-—.
SIN X
Pewenue.
JlanHoe ypaBHEHHUE SIBISICTCS JUHEHHBIM YpaBHEHHEM IIEPBOrO IIOPSAIKA, T.€. YpaBHEHHEM

BUA: y' + P(X)y = Q(X)

[ns peumieHnii ypaBHEHUU MOJOKHUM: y =U-V, rge u, v — HesaBucuMsie ¢GyHKIIIH OT X,
yr

u'v+uv’' —uv-ctgx =

[ ' '
= UV + UV . oncrasnsem y u y B IaHHOE YpaBHEHHE B HallleM cliyyae OyaeM UMETh:

1
— e (U'—UCtGX)-V+UV = ——
sin X sin X

[Monbepem QyHKIHIO U = U\ X) rtax, uro6u BEIpaKEHHE B CKOOKe, oOpamanock B Hynb. s

HaXOKACHUS QPYHKIHH u (X) u V(X)nonqu/IM CUCTEMY:
u' —uctgx=0 (1)

1
’:— 2
Y sin X ( )

13 ypasrenus (1) cuctemsr onpenensem pyrxmmo U (X), nmeeM TuddepeHInaIbHOE YPaBHEHHUE C

pasaciaronuMucs rnNEPpEMEHHBIMU

u’—uctgx:0:>d—u:u-ctgx:d—u:ctgx-dx:d—u:wdx:
dx u u sinx

Inu=Insin x=u=sin x
Hnsa  onpenenenus q)yHKuHI/I V(X), HalilecHHOE 3Ha4cHUe (1)yHKIII/II/I U(X) IMOJCTABJISIEM B

ypaBHEHHUE(2) CUCTEMBI, TTOTYUHM:
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. 1 1
sinx-v =—-=V =T:>V=—Ctgx+c
Sin X SIN™ X

3ammceiBaeM  o0mee  pelIeHWe  JAHHOTO  ypaBHEHWsS B BHIE y =U-V um

y =sin X(—ctgx +¢) = y =sin X(_@Hj:
SIN X

y =—COSX+C Sln X - o6mmee pemene.

JHuddepenuuanvusvie ypaeuenus || nopaoka.

Onpeodenenue 5.7. JlupdepeHinanbHbIM ypaBHEHUEM BTOPOTO MOpPsIKa
Ha3bIBACTCS YPaBHCHHUE BUA:

F(xy,y,y")=0 (5.5)

W y'=f(xy,Y)| (5.6)

B ocHOBHOM OyzeM paccMaTpuBaTh ypaBHEHHE BUja (5.6).
Onpeoenenue 5.8. O6mum pemenuem AudpepeHIraTbLHOTO

ypaBHenusi (5.6) nasbiBaercst Qynkums Y = @(X,C,¢C,), rne Cuc, -
IIPOU3BOJIbHBIE TIOCTOSTHHBIE, 00J1aJaroMas CIeIyOIUMU CBONCTBAMU:

a) ABJISETCS PEUICHHEM [JIaHHOTO YPaBHEHHUSI TIpU  JIFOOBIX

3HaueHusx CUcC,:

6) ams nOObIX HawaneHBIX  yermosmit: Y(Xo) = Yo Y'(Xo) =Yg

0 0
CYILLECTBYIOT €IMHCTBEHHbIE 3Hauenus nocrosuupix G =Cp €, =C;

0 .0
Takue, 4To PyHKIus Y = @(X,C.,¢;) sBasercs pPELIEHUEM YPABHEHMUS
(5.6) u yIOBJIETBOPSICT HAYAIBHBIM yCJIOBUSIM.

0 .0

Onpedenenue 5. 9. Besxoe pemenne Y = @(X,C,C,), momydennoe u3

obmiero pemieHus Y = (D(X,Cl,Cg) IpU  OMNPEACICHHBIX 3HAYCHUSX
0 0

C, =C;, C, =C;, nasmiBaerca wacmnvim pewenuem ypasaenns (5.6).

Onpeodenenue 5.10. 3anaya, B KOTOpoi TpeOyeTcs HAWTH YACTHOE
pelieHue ypaBHeHHs (5.6) yIOBJIETBOPSIONICE HAYaIbHBIM YCIIOBHSIM,

V(%) =VY,o: Y (Xo) =Y, naseiaercs 3anaueii Komm.
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JHudpepenuuanvuvie ypasnenusa || nopaoka,
00nyCKarowiue NOHUICeHUs NOPAOKA.

OnHMM W3 METOJIOB MHTErPUPOBAHUS ypaBHEHUS (5.6) sBIsieTCA
METOJ TOHMXKEHUS mnopsaka. CyTe Meroga COCTOUT B TOM, 4YTO C
MOMOIIBIO MOJICTAHOBKHU JTAHHOE YPABHEHHUE CBOJHUTCA K YPaBHEHUIO
Ha MOPSIAO0K HUXKE.

PaccmoTrpuM nBa TUna ypaBHEHUH, NOMYCKAIOMMUX ITOHWKEHHE
MOPsIJIKA.

1) [Iycth naHo ypaBHEHHE:

y" = f(x) (5.7)

[Topsimok MOHUKAETCS HEIMOCPEICTBEHHO yTeM
MOCJIE0BATEILHOTO HHTETPUPOBAHUS ypaBHEHU (5.7).

WuTerpupyst ypaBHEHUE y'=f(x), OJTy4aeM: y' = I f (x)dx
wm Y =@ (X)+C,. Nanee, UHTETPUPYS TTOJYYESHHOE ypaBHCHUE,

HaxoauMm Y = I(¢1(X) +¢)dX yu nonyuum: Y = @, (X) +CX+cC, -
oO1iee ypaBHEHHE.

. 2
IIpumep 4. Haiitn oO1ee pemieHne ypaBHEHUS y'=x"-3x+1
Pewenue. IlocnenoBaTellbHO UHTETPUpPYS JBa pa3a JaHHOE

YPaBHEHHE, TTOTYUHUM:
3 2

X X
"= | (x* -3x+Ddx="——-3"—+x+
y'=|( o= =37+ X+,

D G x* X x°
=|(—-3—+X+c)dX=———+—+CX+C
y=( 535 Q)X =2 = T XA,

2) IlycTth 1aHO ypaBHEHHUE:

y'=f(xY) (5.8)
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O6o3uaunm: Y = P(X), torma Y' = P'(X). B pesyasrare u3
ypaBHeHuss  (5.8) moJiyduM ~ ypaBHEHME MEPBOro  MOpPsSIKa

P’ = f(X, P). Pemus ero, Haiinem pyukumo P = @(X,C,).
Bamensst ¢yskumio P Ha Y, monydaem auddepeHuHaIbHOS

ypasuerne Y = @(X,C,), koropoe mmeer Buz (5.7).IIpoHHTErpHPOBAB
€ro, MoJy4uM o011Iee pereHrue ypaBHeHus (5.8).

HHpumep 5.

Pemuthb muddepeHianbHble  YpaBHEHHS BTOPOTO  MOPSAKA:
(x3 +1)- y"=3x -y

Pewenue.

HNannoe nauddepeHaIbHOE YpaBHEHHE JOMYCKAaeT MOHUKEHUE
TOPsI/IKA, HE COJICPIKUT SBHO (PYHKITHIO Y.

" !/ d
[Tonoxum y’ =P, T0orma y =p = d_z 1 YpaBHECHUE IPUMET BU]

d
(x3 +1)-—p =3x°-p
dx
HOHy‘-II/IJ'II/I YPaBHCHHUC TIICPBOIO IMOpsAKa C PpasaCiisIrOmuMUCAH
NEePEMEHHBIMHU, Pa3/IeIMM MEPEMEHHBIC U IPOUHTErPUPYEM 00€ YacTH

2
dp:33x dx,
p X +1

d 3x?
I e j 70X
p X*+1
In|p| = In|x* +1+In[c
1]
rac nHTerpaJl, CTOHHII/Iﬁ B HpaBOﬁ qacCTH peuiacMm HOI[CTaHOBKOﬁ = X3 +1

dt
U IIPUBOJMM K TaOJIMYHOMY J i Injt|+c.

[IpumeHnsist CBOMCTBO Jiorapudma, moaydnm:
In|p| = In‘(x3 +1)-c1‘:> p=c, -(x3 +1),

Bo3Bpamasce K moacTaHOBKE, MOJIYYUM:
y'=c,-(®+1)=dy=c, - (¢ +1jdx= [dy = clj(x3 +1)dx,
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4
X
torgqa Y =C; (Z + X+ Cz] - 0011ICE peIIICHHE.

Juneitnote 00HOPOOHBLIE U HEOOHOPOOHBLE VDAGHEHUS 6HOPO2O
HOPAOKA C ROCMOAHHBIMU KOIDDuuuenmamu.

Oonopoonvie ypasHeHus.

Onpeoenenue 5.11. YpaBHeHUE BUA:

y'+py' +qy =0 (5.9)

HAa3bIBACTCS AUHEUHBIM OOHOPOOHBIM YPAGHEHUEM 8HOP0O20 NOPAOKA
C NOCMOAHHBIMU KOIPDuyuenmamu, rae pP,g — yucna.

OnHUM W3 CBOWMCTB JIMHEHHBIX ypaBHEHUH SIBISETCS TO, UTO
oOlIiee peleHne TaKuX ypaBHEHUNW MOXHO HAaWTHU MO UX H3BECTHBIM
YaCTHBIM PELICHUSIM.

Teopema. Ecnv Y1 Yo - TMHENHO-HE3aBUCHUMBIE YACTHBIE PEIICHUS
ypaBHenus (4), to y=CYy,+C,Y, ecTb 00IIee pEHIEeHUE 3TOro

ypaBaenusi (C; u C, - HOCTOSTHHBIC BETHYHHbI).

Tabéauua 3.
KopHu xapakrepucTu4eckoro
ypaBHEHUHA Oo01ee pemeHus
k?+pk+q=0
1.D>0 k;#Kj,-
kq X Ko X
y=Ce" +C,e™

I[CﬁCTBHTGHBHI)IC pa3JINYHBIC

y = Ce*?* + Cyxek2* = e*2X(C, + CyX)

JNEVCTBUTEIIbHBIE PABHBIE KOPHM.

k2=0£—ﬂ-i

KOMIIJICKCHBIC COIIPAKCHHBIC.

3.D<0 y =e®(C, cos Ax + C,sin /X)
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OO6miee pemenue ypaBHeHUS (5.9) HaXOOUTCS C TOMOIIBIO

xapaxtepucTueckoro ypashenns K2+ pk+Q=0 u ero Bua
3aBUCUT OT XapakTepa KOPHEHM ITOr0 YpaBHEHUS, KOTOPBIU
ompeaesieM 1Mo Tadautie 3.

Hpumep 5.

a) Haiitu oOmee pemenue ypasuenus Y —6Yy' +8y =0.

Pewenue.

2
CocraBuMm  xapakTepuctudeckoe  ypaBHenne K —6K+8=0,
KOTOpPOE€ MMEET JBa  PAa3sIM4HBIX  JCHCTBUTENBHBIX  KOPHS

6+436-32 6+2 |k=4

2 T2 Tky=2

Torma mo Ttabmune 3 (myHKT 1), oOmiee pernieHue MCXOAHOTO
ypaBHEHHUS HToro au(QepeHITMaATbHOTO YpPaBHCHHS 3allUIIETCS B
Buge: y =C,e”* +Ce*".
6) Haiitu wactHoe pemenue ypasuenus Y —8Y' +16y =0 npu

k1,2 =

nagansHbIX yenosusx Y(0) =2, y'(0) =5.
Pewenue.

Xapaxrepuctuueckoe ypasnenne K2 —8K+16=0 wumeer msa

PaBHBIX JIEUCTBUTENBHBIX KOPHSI
-y
ki = 86404 _ 4=k, =k, =4, mostromy obuee peLcHHE
’ 2

ypaBHeHUs 1o Tabnuiie 3 ( MyHKT 2) UMeeT BUI: Y = e (Cl +C, X).

JI1s1 HaXO0XKIEHUS YACTHOT'O PEIICHUS, HAalJIeM MPOU3BOIHYIO OOIIEro
pelIeHus

y =4Ce™ + Ce™ +4C,xe* =e** (4C, +C, +4C,X).
Ioxcrasnss nadanshbie yenosus Y(0) =2, y'(0) =5 B perpakenus
juist YuY', HOJNYduM CHCTEMY YpaBHEHHIT OTHOCHTEIBHO C; U

2 =N,e®+C,0¢° C, =2 C, =2
. = —
Gt |5=e(4C,+C,+4C,-0) |4C,+C,=5 " |C,=-3:
IloncraBum pCILLICHUS CUCTCMBI B o0111ee pelicHue:

y =e**(2—3x)- uactHoe pelreHue.
B) Haiitu o6mee pemenne ypasuenus Y —14y' +50y =0.
Pewenue.
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CocrasnM  xapakTepucthueckoe ypasenme K2 —14k +50=0.
Pemas kBagparHoe ypasuenue, nmonydnm D =196 —-200=-4<0,
CJIeI0BATENbHO, OHO MMEET JIBA KOMIUIEKCHBIX CONPSKEHHBIX KOPHS
14+4i% |k =T7+i

N o,

rae | — MHAMas eIMHULA, i° = -lLa=70=1
Torma mo Tabnuie 3 (myHKT3) oOIIee pelieHWE YpaBHEHUS HUMEET
BUIL: y =e'*(C,cosx+C,sin x).

k1,2 =

Heoonopoonwie ypasnenus.

Onpeoenenue 5.12. YpaBHeHue BUaA!

y"+py +q=f(x) (5.10)

Ha3bIBACTCSl JIUHEUHHIM HEOOHOPOOHBIM YPAGHEHUEM 6HIOPO20

ROPAOKA ¢ NOCMOAHHBIMU KOI(puuuenmamu, ryie P,J — yucha.
O6mee pemenne (Y) 5TOro ypaBHEHHS COCTOMT U3 CYMMEI

o6mero pemerns () COOTBETCTBYIOMIETO OIHOPOIHOIO YPaBHEHHMS

(y"+ py'+q=0) u yacTHOro peleHHs HEOTHOPOIHOTO YPABHEHHUS

(¥).

Y=y+y (5.11)

YactHOE pelieHue (7) HEOJTHOPOJIHOTO YPABHEHUS HAXOJHUM IO
By IPaBOW YaCTH YPABHEHMUSI.

Ecmu | (X) =P, (X) e” , TIe Pn (X) MHOI'OYJICH N-OM CTEHEHM C
onpeaeICHHBIMU K03 DUITMeHTamMu, TO (y)onpez(eJmM 1o Tabnurie 4.
IHpumep 6.

Haiitu o01iee perieHue JIMHEHHBIX HEOJHOPOIHBIX YPaBHEHUIM:
a) V' +12y'+36y=2x—-7; 6) y' -y —6y=10e*.
Pewenue.

a) V' +12y" +36y =2x-7

OO6mee pernieHue JUHEHHOTO HEOJHOPOJAHOTO YPaBHEHUSI WUMEET
BUL: Y =y +Y, e
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Y - o0111ee peleHne COOTBETCTBYOUIETO JUHEWHOTO OJJHOPOIHOTO;

Y - 4aCTHOE pEeLICHUE JUHEUHOTO HEOJHOPOAHOTO.
1. Haitnem Y - oOuiee penieHue ypaBHEHUSI OJHOPOJIHOIO YPABHEHUS
y"+12y'+36Yy =0, A1 3TOro cOCTaBUM XapaKTePUCTUIECKOE

ypasuenne: k% +12k +36=0= D=0=k; =k, = 6.
KopHu JnieicTBUTENBHBIE paBHbIE, CJEA0BaTelbHO (Tadnuia 3,
IMyHKT 2.) oOiiee pelieHue JIUHEHMHOr0 OJHOPOJHOTO YpaBHEHHS

UMEET BUII: Y = g ox (G +C5X).

2.Haiinem Y mo Buay npaBoi 4acTH ypaBHEHUS, UCIOJb3Ys Tabiuily 4.
B mamem mpumepe f(X) =2X—7, mpu stom a =0- He sBusercs

KOPHEM XaApPAaKTCPUCTHYCCKOI'O YPABHCHMUA (0[ * kl?'—' kz), TOrZAa II0

tabnuue 3(myHkT 1), vactHoe pemenue Y OyneM HUCKaThb B

Buge: Y = X Q, (X) e” | nomyuum muorounen: y = AX + B.

Taoauna 4.

[Iycth Q, (X)- MHOTOWIEH N-0M CTENIEHHU C HEONPEICIICHHBIMHU

koo urmenramu, Ky, K, - kopau xapakrepuctudeckoro ypasnenus

k? + pk +q =0, Torma:
1) eciu & HE COBNAIaeT C KOPHSAMHU XapaKTEPUCTUICCKOTO

ypasuenus (o # K u a #K, ), To S/ =Q, (X).eax;

2) ecmd « COBIAJACT C OJAHMM M3 KOPHEH XapaKTECPHCTHUECKOIO
oxX

ypaBHEHUS (a =K wiu o = kz), TO S/ =X Qn(X)' e,

3) ecrm =k =k,, T0 §/=X2 -Qn(X)-eaX.

Haiigem Y'u y' =y =An y"' =0.
N AN
[ToxcraBum moJsiydeHHbIE BbIpaxeHus mist Y, Y, Y B ucxomHoe

ypaBHenue Y +12Y' + 36y = 2X — 7, nonyuum:
0+12A+36(Ax+B)=2x-7=12A+36Ax+36B =2x—-7.
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[IpupaBusem KO3hUIIMEHTHI TNpPU OAUHAKOBBIX CTEMEHSX
NepeMeHHO X. B pe3ynbTare mOJy4yuM CHUCTEMY YpaBHEHWH,
oTHOcUTENbHO A u B!

1

183 . HOI[CT&BI/IM MMOJIYYCHHBIC 3HAYCHUA

36A=2
p—
12A+36B =-7 B__*%2
108
B yactHoe pemenne Y= AX+B, B pesymprare momyumm:

- 1 23

y 18 108 B
3) [ocTaBuM TOJTyYEHHBIE pelIeHus Y, Y B ypaBHeHHe Y =y + Y.
Y =g 6% (C; +Cyx) + 118 X — 1202 - o0mee pemeHne HEOJTHOPOJHOIO

JIMHEHHOTO ypaBHEHUS.

6) y"—y —6y =10e%*.

Pewenue.

1.Haiinem Y - oOriiee pelieHre ypaBHEHUS OJTHOPOTHOTO YPABHEHHUS
y"—y'—6y =0, Ui 3TOro COCTaBUM XapaKTEPUCTUICCKOE
ypaBHEHHE:

k?-k-6=0= D=25=k =-2,k, =3.

KopHu neiicTBUTENbHBIC pa3HyHbIC, ClieaoBaTenbHo (Tabsiuma 3,
nyHKT 1) oOmiee pelieHHe JHHEHHOTO OJHOPOJHOTO HMEET BHI:

y — Cle_zx + CzeBX.

2. Haiimem Y 1o BUIy IpaBOil 4aCTH YpaBHEHUS, UCIIOJIB3YS TaONHILy 4.

3X
B mamem npumepe f(X) =10e , IPpHU ITOM X = 3- COBIIAJAECT
C OIHUM U3 KopHeﬁ XapaKTEPUCTUUCCKOI0 ypaBHCHUA (a = k2 = 3),

Torna nmo tabnune 4(myHKT 2), 4acTHOe peuieHue Y OyaemM HCKaTh B
Buae Yy =X- Qn (X) e , IOJIy4HM BBIpaKCHUE:

y = xAe>*. Haiinewm yuy"

’

y = (xA-e3X)’ = A(e3x +3xe3x)= Ae** + A-3-x-e¥

"

y =3Ae¥ +9Axe™ =6Ae™ + 9AXe™
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N
[ToacTaBuM 1OJIy4EHHBIC BBIPAKCHUS: Y, VY, Y BucxogHoe
X
ypasuenue y" — y' — 6y =10e>*, nonyunu:

6Ae> +9Axe — Ae®* —6AXe®* =10 = 5Ae% =10e¥ =
—5A=10=A=2

3) I[locTaBuM NOJIyYEHHBIE pelieHus Y ,9 B ypaBHeHHE Y =y + Y.

-2
Y = c€e X + C263X +2X- 93X - o0111e€ peIIeHre HeOJHOPOIHOTO
JIMHEMHOTO YpaBHEHHS.

Bonpocwt ona camonposepku.

1. Kakoe ypaBHeHue Ha3bIBaeTCsa quddepeHmanbHbM?

[Topsaok auddepeHnanp-HOr0 ypaBHEHUS.

2. UYto Ha3zwiBaeTcs pemieHueM au(pGEepeHINAIbHOTO YpaBHEHUS?
Kakoe pemenue aud@epeHIHAIBHOTO YpaBHEHHS HA3bIBACTCS
ob0mum? YacTHbIM?

3. Chopmynupyiite 3amauy Komm ana nuddepeHnnanibHOro
ypaBHEHHUS MEPBOTO MOpsIKa?

4. Jlaiite omnpenenenne audpdepeHUaTbHOTO  YpaBHEHUS C
pa3IeNAIONIMMUCA TTIEPEMEHHBIMU. M3J105KUTE METO HaXOXKACHUS €TO
00IIIero perieHus.

5. Uro HazeBaercs auddepeHnIranbHbIM ypaBHEHHEM BTOPOTO
nopsiika? YUto Ha3pIBaeTCS €ro OOIUM U YaCTHBIM PEIICHHEM?

6. Buapl ypaBHEHMi, JOMyCKalolmUue€ TOHMKCHUS TMOpPsIKa.
MeToapl X pelIeHusI.

/. Jlaiitte ~ ompeneneHue  JuHeHOro  AUdQEpeHIIUATBHOTO
ypaBHEHHUS TMEPBOTO Topsiaka. M3ioxuTe MeTon HaXOXKIEHUS €ro
00111eTO perieHus.

8. KakoBa cTpykTypa 0OIIero pemeHus: JMHEHHOTO OJHOPOIHOTO
nuddepeHIaIbHOr0 YpaBHEHUSI BTOPOTO MOPSIKA.

9. Kakum 00pa3oM cocTaBisieTCs XapaKTePUCTHYECKOE ypaBHEHUE
JUHEHHOTO OJHOPOAHOTO IU(PepeHIInaTbHOTO ypaBHEHUS BTOPOTO
MOPSIIKA C TIOCTOSTHHBIMU KOA((PHUITMEHTaMH M KaK OHO COCTaBJIsETCA?
CtpykTypa 0OIIEro pemeHus 3TOT0 YpPaBHECHHS B 3aBUCHMOCTH OT
KOpHEH XapaKTePUCTUUECKOTO YPaBHCHHUSI.

10. KakoBa cTpykTypa 0O0mIero peuieHus JIMHEHHOTO
HEOJAHOPOAHOTO AU((HEepEeHIIMATBHOTO YPABHEHUSI BTOPOTO MOPSIIKA.
11. Kakum 006pa3oM HaXOAUTCA YaCTHOE PELICHHE JTUHEUHOTO

HEOJAHOPOAHOTO NU(PdEepeHIINATBHOTO YPaBHEHUSI BTOPOTO MOPSIIKA C
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MOCTOSIHHBIMU K03 puiineHTaMu JUIsl MPaBbIX dYacTed B BHUIC

ax
dbynkuum:  f(X) =€ B,(X) B 3aBucumoctu OT 3HaueHUs U
KOpHEll XapaKTepuCTUYECKOTO YPABHEHHUS.

5.2. 3agaHus 1yl CAMOCTOSTEILHOTO PeIICHHUS.

Konmponovnas pavoma Ne4d no meme «/ludhhepenuuaivnoie
VDAGHEeHU))

3ananueNel. Haittu:

a) obOmee pemenue (oOuwmi wuHTEerpan) auddepeHInaITbHOro
ypaBHEHUS MEPBOTO MOPSIKA C PA3ACISAIONIUMHUCS IEPEMEHHBIMU;

0) yacTHOe pelieHue JUHEHHOro auddepeHITaTbHOT0 ypaBHESHUS
NEepPBOTO  TMOPSAKA, YAOBIECTBOPAIOIICE HAYAIbHBIM  YCIOBHUAM
y(%) = Yo-

3apanueNe2. Hawntu:

a) obmee pemenue AUGPEPEHIINATHPHOTO ypaBHEHUS BTOPOTO
TOPSI/IKA, JOIMYCKAIOMIET0 MTOHMKESHHS TIOPSIJIKa;

0) yacTHOE pEeIICHHUE JIMHEHHOTO OTHOPOAHOTO NU(hepeHIInaTbHOTO
ypaBHEHHUS BTOPOTO MOPSIKA C MOCTOSHHBIMU KO3 UIIECHTaMHU,

!
yIOBIETBOpsifoIee HavdanbHbIM yeroBusM Y(Xy) = Yo, Y'(X9) = Yo ;

B) oOlee pellieHne JUHEHHOT0 HEOAHOPOIHOTO AU((HEepeHIIMAIBHOTO
ypaBHEHUSI BTOPOT'O MOPSIIKA C MOCTOSTHHBIMU K03 DuIineHTamu.

Ne Homepa 3apanuii
1 2
1. a) xdy = ydx; a) Y'=-x>+3
' 1 0) y'+4y' +4y=0;
O Y+ YO = e y(0)=1, y'(0) =3
y(0)=0 B) Y -3y +2y =X
2. a) (X +1)dy = ydx; a) Y =4x° -2
6) Xy'—y=—X 6) y' -5y +6y=0;
y(1)=1 y(0) =6, y'(0) =-3
B) V' +4y=X+2
3 [0 (x+2dy=(y+Dd |4 y' =501
0) y"—-2y'-3y=0;
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&)y +y=e" y(0)=0, y'(0)=2
y(0) =1 B) y"+y=e
4. a) x“dy = 2ydx; a) Y =6x" -7
F L2y 3 0) y"—-2y'-8y =0;
DY y(0)=0, y'(0)=5
y(@) =2 B) y'—y=x-1
> ) (X +Ddy=(y* +Ddx; |a) ¥ =-3x"-4
, 9 6) yn_yr:O;
O Y A= ex ¥(0)=0, y'(0) =4
y(0)=0 B) V' -2y +y=2X
6. a) x°dy = (y +)dx; a) ¥ =-2x"+Xx
6) Y +y=e" 0) y"+9y'=0;
(g) =-1 y(0) =1, y'(0)=3
Y= B) V' +2y +Yy=4x
. a) (x> +1)dy = 2y +1)dx; |a) ¥ =X +2x
6) y' Y =3x- 4" 0 yi-oy=0
S y(0)=0, y/(0) =1
y(0)=6 B) y'—4y'+4y =5x
8. a) (x+3)dy = 2,/ ydx; 2) y”=—3x2—2x—.1
6) y' +ycosx =e SN 6) Y”+5yl+,6Y=0,
y)(cy» =y—3 y(0)=1 y'(0)=1
B) yrr+2yr:2ex
9' a) V1— x2dy = \/1— y?dx; a) ¥’ =9x° +x-3
'_ 9y = 0) y"—2y'+5y=0;
6) Xy —2y=x+1 ’
y@) =0 y(0)=-1, y'(0)=4
B) V' +9y=x-2
10 a) dyZ—Yth'dX, a) y”=9X3+X2 1
! — 4 6) y”+y!=O;
0) Xy '+ 2y =X ,
y(@) =1 y(0)=2,y'(0)=7
B) y'+Yy —6y="5€¢"
1 a(x+Dy =y+3

a) V' =3x"+2x*+x-1
0) y"+2y'—3y=0;
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6) y!_ﬂ:XZeX

y(0)=0, y'(0)=1

X B) y'—6y=x+1
y@) =0
12.  |a)2yy' =tgx; a) V' =9x*+x* -1
6) y,—QZXS-Sin 2% 6) y”—7y'+10y=0;
o5 y(0)=2, y(0)=-1
y(0) =- B) y" + 25y = 3e*
13. | (l-x)y' =y-1; a) V' =2x"+x*-5
6) Yy + ysin x =e®%* 6) y"+2y'+y=0;
7\ _o y(0)=0,y(0)=-5
y(E) — B) y!!_7yI:26X
14 (2 +1)y = y+4: a) Y =5x"+2x%-1
, . %2 0) y"+8y'+16y =0;
6)(03; :—_22xy—sm X-e y(0) =1, y'(0) =0
y B) y' -5y’ =3¢e"
15. a)c08><y-y = y-sin X; ) Y”=%X3+2x 1
o) y-L=x.
)y X X-00SX 0) y'-7y'+6y=0;
y(0)=-5 y(0) =2, y'(0) =0
B) " -5y +6y=2X
16.  |a)y(x2 +1)y = xy; a) Y'=5x"+2-1
6) Xy' —3y=X+2 0) y"+y=0;
y(2) =2 y(0)=-2, y(0)=0
B) y'+4y'+3y=3x+1
17. a)e3xy' =y-3; a) y" = —3x* 4+ 2sin X — 2X
, 5 6) y" 6y’ =0;
6) y' —5x*y =¢e* ,
=7 y(0)=L1 y'(0)=0
B) Y -6y +9y = 4e*
18. a) ¥'=—4x°-3c0sX—X+5

a)x'y' =5-vy;
0) y’—?/:x?’-sin X

7T
V(E) =38

0) y"+2y'+5y=0;

y(0)=—4, y'(0)=1
B) Y'+9y =4x
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19 laycos?x-y' =2y -1; 8) V" =—4x* +5sin5x+ 2
0) y'— yigx = 2
cos? x 6) y"+10y’ + 25y =0;
y(0)=0 y(0) =1, y'(0) =-1
B) V' +16y =4—X
20. a)Xxyy' =3-2y; a) V' =2x>+2c0s2x—X +6
6) y'+2xy = 2xe X 6) y"+3y' ~10y =0;
y(0)=0 y(0)=2, y'(0)=0
B) yﬂ_4yr:6ex
21*. la)(y—x2y)Y =xy? +X; a) xy"+y' =3x*
' ) 0) y"+10y'+ 25y =0;
6) Xy’ + Yy =—X
1 Y y(0)=1 y/(0) =1
B) Yy +16y =—X
22%, a)(y2_|_1) ’1+x2-y’=xy; a) xy"—y =e*-x?
o) v’ — v = x2sin 3x 0) y"+6y' +13y=0;
>(0)y e ¥(0)=1, y'(0) =1
yl)= B) V'+7y =x+1
2% lay-x0)y =x(-y?); |2y X =0
6) y'sin? X + y = ctgx 0) y'-8y'+15y =0;
- y(0) =1, y(0)=3
Y(2)=1 B) y'—-8y=e"
24 12y yW1ex2y =14 y2 - x; 2) X" -y’ =4x"
6) y +ycosx=sinx-cosx |0 Y —4y +1’7y=0;
y(0) =2 y(0)=-1, y'(0)=0
B) y”+7yr:eZX
2N a(y Yy =X ey (e =L
X X
0) xy’—y:x3-cosx 6) y' -5y —24y =0;
HZ y(0)=1, y'(0)=0
y(5)
2" 2 B) 4y" + 9y =Xx+2

Ilpuknaouwie 3a0auu ceabCKOX03AUCHMBEHHO20 NPOU3BOOCHIEA.

1. [Ipu OpoXEHUHM CKOPOCTh MPHUPOCTA JAeHCTBYOLIEro (epMeHTa
MPOMOPUHOHATBHA €T0 HAIMYHOMY KoJimdecTBy. Yepes 14 u
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nocye OpokeHus macca ¢pepMeHTa coctaBuia 6 T, a yepe3 3u—8 T.
Haitqute maccy ¢pepMeHTa 10 OpoKEeHUS.

2. CKkopocTh pacrajia HEKOTOPOTO JIEKAPCTBEHHOTO BEUIECTBA
MPONOPIIMOHATIbHA €T0 HAIMYHOMY KOJWYeCTBY. B pe3ynbrare
aHajau3a YCTAaHOBWJIM, 4YTO 4Yepe3 | 4 mociie WHBEKLIUH B
OpranusMe ocTajnoch 31, 4 r JIEKApCTBEHHOTO BEILIECTBA, & IO
ucreueHnu 3 4 -9,7 r. Onpenenure:

1) CkoJIBKO IpaMMOB JIEKAPCTBEHHOT'O BEIISCTBA OBLJIO BBEICHO
B OpraHu3m?

2) Uepe3 CKOJIBKO BpPEMEHHM TIOCIE BBEJCHUS B OpPraHu3Me
octaHercs 1% nepBOHAYAIbHOTO KOJIMYECTBA JIEKapcTBa?

3. Haifnure 3akoH pocTa MaJOYKOBUIHBIX KIETOK C TEUYCHUEM

BPEMEHH, €CJIM CKOPOCTh POCTAa KJIETKU IPONOPLMOHATLHA €€
di
nnune |, a=(a—ﬂ)| rae ouf} - mapaMeTphl, XapaKTepH3yIOLINE

yclioBHs pocta KieTok; 1=Iy mpu t=0.

5.3. UTOoroBbIi TECT.

1. Kaxkue u3 cnedyrouux YypasHeHuu Aenawmcs
ougpepenyuanvonvimu?
1) X2 +y3=7+x; 2) 12y’ +36Y = 2X;

3) y'—Inx+3x?=cosy; 4)z—3ycosx=X.
2.  Ycmanosumv  coomeemcmeue - mexicoy - HPUGEOCHHBIMU
oughepenyuanvnvimu ypasHeHuAMU U UX NOPAOKAMU :

1y" =—y +x° a) 1 nopsoka
2)y' + yx3 =cosx| 6) 2 nopsoka
8) 3 nopsoka.

3)2y2 . yn -0

3.  Ycmanosumv  coomeemcmeue - mexicoy - HPUBCOCHHBIMU
oupgepenyuanvnvimu  ypasgHeHuAMU neEpPe020 NOPAOKA U UX
munamu:

112



1-2x
a)c pazoensiiouuUMUCsL.

Dyy' =
2)2y’ + 3yx? = xe*
3)xy — x?y —sin x =0 0)uHelHble.
4)y?dx — (L— x)dy =0

4, Yacmmuwlii unmezpan ypaeHeHus y'cosy: X npu 3a0anHHbIX

nauansnoix yenosuax Y (1) =0 pasen:

1. <i _2_.2 . _X2 3 i _X2 - 4 . _X2
csiny =x°-1; -smy_?—1/2, -smy_?+1/2, -—smy_?—llz-

. 2
S. Pemienne  JIMHEHHOI0 YpaBHEHHSH y’+X:x HAXOAAT B

X
Buge: Y = UV. Yemy paBHa pynkuus V?
1 1
1. X; 2. —; 3. —X; 4, ——.
X X

6.Xapaxmepucmuueckomy ypasnenuro k?+1=0 coomeemcmeyem
oupgepenyuanvnoe ypasuenue:

1.y'+y+1=0; 2 y"+y=0; 3.y"—-y=0;4. y"+y' =0.

7. Obwee peutenue TUHEUHO20 0OHOPOOHO20 YPABGHEHUS
y"+6Yy' +8y =0 umeem 6uo:

1L y=Ce Z+Ce®;,  2.y=Ce*+Ce*™
3.y=Ce X +Ce™; 4 y=Ce P +Cxe

8. Yacmmnoe pewienue nUHENNH020 HEOOHOPOOHOZ0 YPAGHEHUsA
y'—4y' +4y =3X emopozo nopaoka umeem 6uo:

1. X(AX+B); 2. Ax%; 3. x’(Ax+B): 4. Ax+B.

9. Kaxkue u3 yKa3auHbIX YpaAsHeHUU NeEpP8020 NOPAOKA AGIANOMCA
YPAGHEHUAMU C PA30CTIAIOUUMUCA NEPEMEHHBIMU:

a) x2y’: y(x+Yy); 0) (1—x2)dy+xydx=0; B) Y + YCOSX = 2X;
) 2xy'+y> =1 1) -4xy+y-2x=0; ©)xy'=ylh>.

y
1. a), B); 2.B), ©); 3.0),1); 4.B), 1).
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10. Oowum pewenuem ougghepenyuanvnozo ypaenenus nepeozo
nopaoka \' = (X, Y)nazvieaemea pynxyus suoa:

1. x=¢(); 2. y=¢(x,c); 3. y=f(X,C); 4. y=f'(x,c).

11. Obwee pewienue ypaeHeHus nepeo2o NOPAOKA UMeem 6UO:

2
y=— COS_ X +sinx+C. [Ilpu 3a0anHbix HAUANBHBIX YCI06UAX

y(%) = 2 nocmoannan C pasna:
2

1.§; 2.5; 3.1; 4.0.
2 2

12. O6wee pemenue ouppepenyuanvrnozo ypasnenus y'(1—X) =y
umeem 6uo:

1C ; 2.y=1-x+C; 3. y=-1+x+C; 4. y=C(1-x).
— X

1y=

13. KaKue u3 yka3zanHvix ypasHeHuu nepeozo nopaoKa AGaaomc
aunennviMu ypasuenuamuza) x>y = y(x + y);6) (1— G )dy + xydx =0;
B)Y +YCOSX = 2X; 1) 2xy + y% =1; 1) —4x°y +y —2x=0; e) xy' = ylni-

y
1. a), B); 2.B), €); 3.0),1); 4.B), n).

14. Obwee pewienue UHEUH020 YPAGHEHUA y'—Xz X2 umeem
X

eUO:
1 )(2 ) ) X2 ) X2
Ly=-22 yc|s 2 y=x(x+C);3. y=x —+C ;4 y=—+C.
x| 2 2 2

15./Ina oughpepenuuanvrnozo ypasHeHus y'+y' =0
XapaKxmepucmuyeckoe ypagHeHue umeem euo:

1. k?+2k+1=0: 2. k?+k=0: 3. k®’—k=0:4. k?+1=0.

16. Ecnu xapaxkmepucmuueckoe ypasHeHue umeem KOPHU
k1,2 =3%1, mo obwee pewenue aUHEUHO20 O00HOPOOHOZ0

ypaenenus umeem 6uo:
1. y=e¥*(C cosx +C,sin x); 2. y =e*(C,cos3x+C,sin3x);
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3. y=C,c0s3x+C,sin3x; 4. y=e>*(C,cosx—C,sin x).

17. Yacmnoe pewenue 1uneitnozo HeoOHOPOOHO20 YPAGHEHUA
y" — 4y + 4y = e?*(3x +1) emopozo nopsadxa umeem uo:

1. xe?* (Ax + B); 2. Ax%e?%; 3. x’e**(Ax + B); 4. e**(Ax + B).

JIuteparypa.

1. Apxunoe I''U. Jlekyuu no mamemamuyeckomy auanu3y/
I'"U.Apxunos. B.A. Caooenuuuti. B.U Yybapuxos. — M.:
Ilpog,.2003.

2. Bumnoepaoosa U.A. 3aoauu u  ynpasicHeHus  no

mamemamudyeckomy  anaiuzy/ H.A. Buwuoepaoosa. C.H.
Onexnux. B.A. Caooenuuuii. - 3-e u30. ucnp. — M.: Jpodga,

2001.-4. 1.2.
3. Jatiyes U.A. svicuian mamemamuxa/ M. A. 3atiyes. - 3-e

u30. ucnp. - M: Bvicwas wkona, 2005.

4, Kyopssyee A.]]. Kypc mamemamuuecxozo aunanusza/ A.J].
Kyopsasyes. - 5-e uzo. — M.: J[pogpa, 2003.

5. Hucomenuwviu J[. T. Kouncnexm nexyuti no ewvicuieul
mamemamuxe/ J.T. IHucoemennviu. — M.: Atpuc Ilpecc, 2003.-Y.

1,2.

115



Copaep:xkanue

BeeeHue 3
['maBa 1. BBegeHne B MaTeMaTUYECKUM aHAIU3 4
1.1.HeoOxoauMbIii TEOpETUUECKUA MUHUMYM 4
1.2. 3amanus misi CAMOCTOSITEIIBHOTO PEIICHUS 13
1.3. UtoroBelit TecT 20

I'maBa 2. uddepenHnuanbHoe ucuucienue GyHKIUN o1HON

MIEPEMEHHOU 23
2.1.HeoOxoauMbIii TEOPETUUECKUM MUHUMYM 23
2.2. 3agaHus AJ1s1 CaMOCTOSITEILHOTO PEIICHUS 40
2.3. I'ToroBelit TeCT 49
I'naBa 3. UnTerpupoBanue GyHKIMNA OJJHON MEPEMEHHON 53
3.1.Heob6xoauMblIil TEOpETUUECKUN MUHUMYM 53
3.2. 3amaum 11 CaMOCTOSITEIIbHOI'O PEIICHUS 67
3.3. UtoroBelii Tect 75
I'naBa 4. @yHKIMS ABYX MEPEMEHHBIX 80
4.1 HeoO6X0IMMBbIN TEOPETUUECKU MUHUMYM 80
4.2. 3amanus AJisi CAMOCTOSITEIILHOTO PEIICHUS 89
4.3. UToroBblii TECT 90
['maBa 5. IuddepenunanbHbie ypaBHEHUS 93
5.1.HeoOxoquMpblii TEOPETUUECKUN MUHUMYM 93
5.2. 3agaHus A CaMOCTOSITEIBHOTO PEIICHUS 107
5.3. Utoroselii Tect 111
Jluteparypa 111

116



